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Abstract
We present contact radius and curvature corrections to the nonlocal contact formulation that account for multi-particle interac-
tions in elastic confined granular systems. The nonlocal contact formulation removes the classical assumption of independent
contacts by taking into account the interplay of deformations due to multiple contact forces acting on a single particle. The
contact radius correction considers the components of these deformations that contribute to the inter-particle contact area. The
curvature correction improves the description of contacting surface profiles by including higher order terms in their Taylor series
expansions. To validate the corrected formulation, we restrict attention to rubber spheres under different loading conditions, in
the absence of gravitational forces, adhesion or friction. Specifically, we show that the predictions of contact force and radius
are in remarkable agreement with finite-element simulations and experimental observations up to levels of deformation at which
contact impingement occurs, which was not possible with the original elastic nonlocal contact formulation. Convergence of the
curvature corrected formulation is observed at a four-term correction.
Keywords: Contact mechanics, Granular systems, Nonlocal contact formulation, Multi-particle interactions, Hertz theory,
Powder compaction
1. Introduction
The extensive applications of powder compaction, especially in manufacturing processes of critical industries like pharma-
ceutics, ceramic, energy, food, and metallurgy, make it a subject of intense research in the scientific community. Development of
predictive and computationally efficient models that could accurately describe the behavior of granular media during compaction
would directly impact optimality in manufacturing, waste reduction, and price and quality of the end product.
Macroscopic behavior of confined granular systems has been conventionally described by continuum-based models, which
consider granular media as a continuous system and hence have a minimal emphasis on the behavior at particle scale. Many of
these models were originally developed for analyzing the behavior of geological materials, such as Drucker & Prager (1952),
Cam-Clay plasticity and Cap plasticity models. More recently, the Drucker-Prager Cap (DPC) plasticity model (DiMaggio
& Sandler, 1971), where a cap yield surface is added to the Drucker & Prager model to allow for material hardening and
dilatancy control during inelastic deformation, has been used for analysis of metal, ceramic and pharmaceutical powder com-
paction. Although requiring an elaborate mechanical testing procedure for calibration of model parameters (Cunningham, Sinka
& Zavaliangos, 2004), the DPC model is widely used due to its adaptability to finite element method (Sinka, Cunningham &
Zavaliangos, 2004). However, the accuracy of model response, especially during the decompression (unloading) phase, relies
heavily on the design of calibration experiments (Sinha, Curtis, Hancock & Wassgren, 2010) and proper elastic constitutive
modeling (Han, Elliott, Bentham, Mills, Amidon & Hancock, 2008). In order to incorporate microstructural properties of the
granular system into its global behavior, discrete models have been proposed, where contact behavior of individual particles is
taken into account. Numerical methods in this category, such as dynamic discrete element methods (Cundall & Strack, 1979;
Zhu, Zhou, Yang & Yu, 2008) and quasi-static particle mechanics approaches (Gonzalez & Cuitin˜o, 2016; Yohannes, Gonzalez,
Abebe, Sprockel, Nikfar, Kiang & Cuitin˜o, 2016; Gonzalez, Poorsolhjouy, Thomas, Liu & Balakrishnan, 2018), are used in
combination with a suitable contact formulation to predict the macroscopic behavior of compacted granular systems and, thus,
predictability is heavily dependent on the contact law involved. The Hertz (1882) contact law for linear-elastic materials and
similarity solution by Storåkers, Biwa & Larsson (1997) for viscous-plastic power law hardening materials are fairly predictable
at small deformations and low relative densities of powder compacts. However, due to the occurrence of contact interactions
at higher deformations, as pointed out by Mesarovic & Fleck (2000) in their study of elasto-plastic spheres, their predictions
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2become increasingly deviant due to the assumption of independent contacts. This was partially overcome by introducing a
local relative density parameter in contact laws curve-fitted to finite element simulations of small three-dimensional packings
(Harthong, Je´rier, Dore´mus, Imbault & Donze´, 2009). Finally, a systematic and mechanistic connection between macroscopic
and particle level behaviors, using continuum and discrete models respectively, was recently proposed (Poorsolhjouy & Gonza-
lez, 2018) to capture the anisotropic evolution of die-compacted systems.
Several efforts towards experimental characterization of confined granular systems have also been made to understand
the deformation behavior at granular scale and to provide an efficient validation tool for the analytical contact formulations.
Of particular interest is the mechanical response of single particles under confined conditions, most commonly studied using
uniaxial compression experiments (Liu, Williams & Briscoe, 1998; Lu, Tung, Hung, Shiau & Hwang, 2001; Shima, Tatara, Iio,
Shu & Lucero, 1993; Tatara, Shima & Lucero, 1991; Topuz & Okay, 2009; Zhang, Kristiansen & Liu, 2007). Recently, an
apparatus has been developed for triaxial testing of single particles (Jonsson, Gråsjo¨, Nordstro¨m, Johansson & Frenning, 2015),
providing a more realistic insight into the behavior of individual particles during powder compaction.
For elastic confined granular systems, relaxing the underlying assumptions of the Hertz contact theory that limit its applica-
bility to small deformations could be the key to achieving predictability at moderate to large deformations. Significant efforts
in this direction were made by Zhupanska (2011), who relaxed the small-strain Hertz assumption of considering contacting
surfaces as elastic half spaces by proposing an analytical solution to the boundary value problem of an elastic sphere subject to
contact stresses on a finite region of its surface and supported at its center. The results showed that the Hertz pressure distribution
remained accurate for relatively large contact areas. Recently, Argatov et al. (2017) have explored the concept of far points in
Hertz contact problems, emphasizing the limitations of the ”local character” of Hertz predictions. Another major contribution in
this regard is the nonlocal contact formulation for confined granular systems by Gonzalez & Cuitin˜o (2012), which provides an
accurate and mechanistic description of the force-deformation behavior at contacts of a linear-elastic spherical particle subject
to multiple contact forces, a typical configuration in particulate systems compressed to high relative densities. It follows the
work of Tatara (1989) and relaxes the classical contact mechanics assumption of independent contacts by invoking the principle
of superposition to express the deformation at a particular contact as a sum of local (i.e., Hertzian) deformation and nonlocal
deformations generated by other contact forces acting on the same particle. The nonlocal contact formulation has recently been
employed successfully to study the die-compaction of large frictionless noncohesive granular systems comprising weightless
elastic spherical particles (Gonzalez & Cuitin˜o, 2016).
A complete description of the inter-particle contact behavior in confined granular systems includes determination of both
contact force and area with respect to particle deformation. While critical macroscopic quantities like compaction pressure and
the reaction from die walls are directly related to inter-particle contact forces, the prediction of contact area is needed to estimate
strength formation in the compacted solid (Gonzalez, 2018). In addition, the evolution of contact area is associated with contact
impingement, i.e., with the merger of neighboring contacts. Since the assumption of circular contacts no longer remains valid
after contact impingement, the predictions of a contact formulation may not be representative of real contact behavior beyond
the occurrence of this phenomenon, making an accurate determination of contact areas ever so important.
In the context of the nonlocal contact formulation (Gonzalez & Cuitin˜o, 2012), nonlocal mesoscopic deformations are de-
rived from the Boussinesq solution (Johnson, 1987; Timoshenko & Goodier, 1970) of an elastic half-space under a concentrated
force. The components of these deformations normal to the contact surface constitute the nonlocal contribution to the contact
displacement, for which a closed-form solution has been obtained (Gonzalez & Cuitin˜o, 2012). However, the derivation of
an analytical solution for nonlocal components radial to the contact center, that contribute to the evolution of contact radius,
remains an open problem. Therefore, part of the work presented in this paper is concerned with the development of an analytical
framework for predicting nonlocal effects in the evolution of inter-particle contact area. The analysis presented is in the spirit
of Tatara’s (1991) work on expanded contact radius during uniaxial compression of rubber spheres.
An important aspect of this nonlocal contact formulation is that it is a direct extension of the classical Hertz contact theory.
When nonlocal effects are neglected, the formulation reduces to Hertz theory. Therefore, any correction introduced in the Hertz
solution should, in turn, improve the accuracy of the formulation. The second analysis presented in this paper is concerned
with the improvement of the formulation using contact pressures of higher accuracy obtained by correcting the description
of the profiles of contacting surfaces through higher order terms in the Taylor series expansion of the profile functions. This
methodology, termed curvature correction, is similar to the one reported by Cattaneo (1947) for solids of revolution and Luo
(1958) for general solids. Closed form solutions of contact force and radius in terms of displacement are obtained for two-,
three- and four-term curvature corrections.
Finally, a validation of the two proposed corrections is performed by comparison of the analytical predictions of contact
force and radius versus deformation for compression of rubber spheres under various loading configurations with finite element
simulations and experimental measurements.
The paper is organized as follows. The deformation of an elastic sphere in a confined granular system under the action of
multiple contact forces is discussed in Section 2. The analytical formulation for predicting nonlocal effects in the evolution
of contact radius is then presented in Section 3. In Section 4, a curvature corrected nonlocal contact formulation is discussed.
Section 5 presents a numerical and experimental validation of contact radius and curvature corrections. Finally, a summary and
concluding remarks are presented in Section 6.
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P1
<latexit sha 1_base64="EWyDaF5XXt6F2 J8Le1YKsWVJdpg=">AAAB83 icbVC7SgNBFL0bNcb4ilraD AbBKuym0TJgY5mAeUA2hNnJ3 WTI7OwyMyuEJb9hY6GIrf/g N9iJP+NskkITDwwczrmXe+Y EieDauO6XU9ja3inulvbK+w eHR8eVk9OOjlPFsM1iEateQ DUKLrFtuBHYSxTSKBDYDaa3 ud99QKV5LO/NLMFBRMeSh5x RYyXfj6iZBGHWnA+9YaXq1t wFyCbxVqTaKLa+PwCgOax8+ qOYpRFKwwTVuu+5iRlkVBnOB M7LfqoxoWxKx9i3VNII9SBb ZJ6TS6uMSBgr+6QhC/X3RkY jrWdRYCfzjHrdy8X/vH5qwp tBxmWSGpRseShMBTExyQsgI 66QGTGzhDLFbVbCJlRRZmxN ZVuCt/7lTdKp1zy35rVsG3V YogTncAFX4ME1NOAOmtAGBg k8wjO8OKnz5Lw6b8vRgrPaO YM/cN5/AN0Vk7Y=</latexit ><latexit sha 1_base64="5+5MNbVpapQA/ xoC3c5iG3vmJRk=">AAAB83 icbVC7SgNBFL3rI8b4ilraD AbBKuym0TJgY5mAeUB2CbOT2 WTIzOwyMyuEJR9hk8ZCEcHK H7G0E3/G2SSFJh4YOJxzL/f MCRPOtHHdL2djc2u7sFPcLe 3tHxwelY9P2jpOFaEtEvNYd UOsKWeStgwznHYTRbEIOe2E 45vc79xTpVks78wkoYHAQ8k iRrCxku8LbEZhlDWmfa9frr hVdw60TrwlqdQLze+P2cNbo 1/+9AcxSQWVhnCsdc9zExNkW BlGOJ2W/FTTBJMxHtKepRIL qoNsnnmKLqwyQFGs7JMGzdX fGxkWWk9EaCfzjHrVy8X/vF 5qousgYzJJDZVkcShKOTIxy gtAA6YoMXxiCSaK2ayIjLDC xNiaSrYEb/XL66Rdq3pu1Wv aNmqwQBHO4BwuwYMrqMMtNK AFBBKYwRM8O6nz6Lw4r4vRD We5cwp/4Lz/AFPVlY4=</lat exit><latexit sha 1_base64="5+5MNbVpapQA/ xoC3c5iG3vmJRk=">AAAB83 icbVC7SgNBFL3rI8b4ilraD AbBKuym0TJgY5mAeUB2CbOT2 WTIzOwyMyuEJR9hk8ZCEcHK H7G0E3/G2SSFJh4YOJxzL/f MCRPOtHHdL2djc2u7sFPcLe 3tHxwelY9P2jpOFaEtEvNYd UOsKWeStgwznHYTRbEIOe2E 45vc79xTpVks78wkoYHAQ8k iRrCxku8LbEZhlDWmfa9frr hVdw60TrwlqdQLze+P2cNbo 1/+9AcxSQWVhnCsdc9zExNkW BlGOJ2W/FTTBJMxHtKepRIL qoNsnnmKLqwyQFGs7JMGzdX fGxkWWk9EaCfzjHrVy8X/vF 5qousgYzJJDZVkcShKOTIxy gtAA6YoMXxiCSaK2ayIjLDC xNiaSrYEb/XL66Rdq3pu1Wv aNmqwQBHO4BwuwYMrqMMtNK AFBBKYwRM8O6nz6Lw4r4vRD We5cwp/4Lz/AFPVlY4=</lat exit><latexit sha 1_base64="He40bPAJjWDRo hzEe1nLm7viB0g=">AAAB83 icbVDLSsNAFL2pr1pfVZduB ovgqiTd6LLgxmUF+4AmlMn0p h06mYSZiVBCf8ONC0Xc+jPu /BsnbRbaemDgcM693DMnTAX XxnW/ncrW9s7uXnW/dnB4dH xSPz3r6SRTDLssEYkahFSj4 BK7hhuBg1QhjUOB/XB2V/j9 J1SaJ/LRzFMMYjqRPOKMGiv 5fkzNNIzyzmLkjeoNt+kuQT aJV5IGlOiM6l/+OGFZjNIwQ bUeem5qgpwqw5nARc3PNKaUz egEh5ZKGqMO8mXmBbmyyphE ibJPGrJUf2/kNNZ6Hod2ssi o171C/M8bZia6DXIu08ygZK tDUSaISUhRABlzhcyIuSWUK W6zEjalijJja6rZErz1L2+S XqvpuU3vwW20W2UdVbiAS7g GD26gDffQgS4wSOEZXuHNyZ wX5935WI1WnHLnHP7A+fwB5 ymRhA==</latexit>
P2
<latex it sha1_base 64="UDjqeUb aqmlj/Pej1lh +36KTSDY=">A AAB83icbVC7 SgNBFL0bNcb4 ilraDAbBKuy m0TJgY5mAeUB 2CbOT2WTI7O wyc1cIS37Dxk IRW//Bb7ATf 8bJo9DEAwOHc +7lnjlhKoVB1 /1yClvbO8Xd 0l55/+Dw6Lhy ctoxSaYZb7N EJroXUsOlULy NAiXvpZrTOJ S8G05u5373gW sjEnWP05QHM R0pEQlG0Uq+H 1Mch1HenA3qg 0rVrbkLkE3i rUi1UWx9fwBA c1D59IcJy2K ukElqTN9zUwx yqlEwyWdlPz M8pWxCR7xvqa IxN0G+yDwjl 1YZkijR9ikkC /X3Rk5jY6Zxa CfnGc26Nxf/ 8/oZRjdBLlSa IVdseSjKJMG EzAsgQ6E5Qzm 1hDItbFbCxl RThramsi3BW/ /yJunUa55b8 1q2jTosUYJzu IAr8OAaGnAHT WgDgxQe4Rle nMx5cl6dt+Vo wVntnMEfOO8 /3pmTtw==</l atexit><latex it sha1_base 64="Mj3QlNx QvcEGTLI8X9D KEJxsTuY=">A AAB83icbVC7 SgNBFL3rI8b4 ilraDAbBKuy m0TJgY5mAeUB 2CbOT2WTIzO wyMyuEJR9hk8 ZCEcHKH7G0E 3/G2SSFJh4YO JxzL/fMCRPOt HHdL2djc2u7 sFPcLe3tHxwe lY9P2jpOFaE tEvNYdUOsKWe StgwznHYTRb EIOe2E45vc79 xTpVks78wko YHAQ8kiRrCxk u8LbEZhlDWm/ Vq/XHGr7hxo nXhLUqkXmt8f s4e3Rr/86Q9 ikgoqDeFY657 nJibIsDKMcD ot+ammCSZjPK Q9SyUWVAfZP PMUXVhlgKJY2 ScNmqu/NzIst J6I0E7mGfWq l4v/eb3URNdB xmSSGirJ4lC UcmRilBeABkx RYvjEEkwUs1 kRGWGFibE1lW wJ3uqX10m7V vXcqte0bdRgg SKcwTlcggdXU IdbaEALCCQw gyd4dlLn0Xlx XhejG85y5xT +wHn/AVVZlY8 =</latexit><latex it sha1_base 64="Mj3QlNx QvcEGTLI8X9D KEJxsTuY=">A AAB83icbVC7 SgNBFL3rI8b4 ilraDAbBKuy m0TJgY5mAeUB 2CbOT2WTIzO wyMyuEJR9hk8 ZCEcHKH7G0E 3/G2SSFJh4YO JxzL/fMCRPOt HHdL2djc2u7 sFPcLe3tHxwe lY9P2jpOFaE tEvNYdUOsKWe StgwznHYTRb EIOe2E45vc79 xTpVks78wko YHAQ8kiRrCxk u8LbEZhlDWm/ Vq/XHGr7hxo nXhLUqkXmt8f s4e3Rr/86Q9 ikgoqDeFY657 nJibIsDKMcD ot+ammCSZjPK Q9SyUWVAfZP PMUXVhlgKJY2 ScNmqu/NzIst J6I0E7mGfWq l4v/eb3URNdB xmSSGirJ4lC UcmRilBeABkx RYvjEEkwUs1 kRGWGFibE1lW wJ3uqX10m7V vXcqte0bdRgg SKcwTlcggdXU IdbaEALCCQw gyd4dlLn0Xlx XhejG85y5xT +wHn/AVVZlY8 =</latexit><latex it sha1_base 64="Zq7aGSx cTRIg7HRpv+c LAUEPwb8=">A AAB83icbVDL SsNAFL2pr1pf VZduBovgqiT d6LLgxmUF+4A mlMl00g6dTM LMjVBCf8ONC0 Xc+jPu/Bsnb RbaemDgcM693 DMnTKUw6LrfT mVre2d3r7pf Ozg8Oj6pn571 TJJpxrsskYk ehNRwKRTvokD JB6nmNA4l74 ezu8LvP3FtRK IecZ7yIKYTJ SLBKFrJ92OK0 zDKO4tRa1Rvu E13CbJJvJI0 oERnVP/yxwnL Yq6QSWrM0HN TDHKqUTDJFzU /MzylbEYnfG ipojE3Qb7MvC BXVhmTKNH2K SRL9fdGTmNj5 nFoJ4uMZt0rx P+8YYbRbZAL lWbIFVsdijJJ MCFFAWQsNGc o55ZQpoXNSti UasrQ1lSzJX jrX94kvVbTc5 veg9tot8o6q nABl3ANHtxAG +6hA11gkMIzv MKbkzkvzrvz sRqtOOXOOfyB 8/kD6K2RhQ= =</latexit>
Pi
<latexit sha1_base64="H6fCgUr/lmHbmF74bnw2SRGeY Io=">AAAB9XicbVDLSgMxFL1Ttdb6qrp0EyyCqzLTjS4Lbly2YB/QjiWTZtrQTDIkGaUM8x9uXCji1l/wG9yJP2Om7UJ bDwQO59zLPTlBzJk2rvvlFDY2t4rbpZ3y7t7+wWHl6LijZaIIbRPJpeoFWFPOBG0bZjjtxYriKOC0G0yvc797T5VmUtya WUz9CI8FCxnBxkp3gwibSRCmzWyYsmxYqbo1dw60TrwlqTaKre8PAGgOK5+DkSRJRIUhHGvd99zY+ClWhhFOs/Ig0TTG ZIrHtG+pwBHVfjpPnaFzq4xQKJV9wqC5+nsjxZHWsyiwk3lKverl4n9ePzHhlZ8yESeGCrI4FCYcGYnyCtCIKUoMn1mCi WI2KyITrDAxtqiyLcFb/fI66dRrnlvzWraNOixQglM4gwvw4BIacANNaAMBBY/wDC/Og/PkvDpvi9GCs9w5gT9w3n8A/ jKU+g==</latexit><latexit sha1_base64="/tIt7S4VhLsIlPkLubLDUw2gm Ao=">AAAB9XicbVA9SwNBFHwXNcb4FbW0WQyCVbhLY8qAjWUC5gOSM+xt9pIle3vH7p4SjvsRNmJjoYiW/g9LO/HPuJe k0MSBhWHmPd7seBFnStv2l5VbW9/Ibxa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yUXmd26oVCwU V3oaUTfAI8F8RrA20nU/wHrs+UkjHSQsHZTKdsWeAa0SZ0HK9Xzz++P+7q0xKH32hyGJAyo04VipnmNH2k2w1Ixwmhb7 saIRJhM8oj1DBQ6ocpNZ6hSdGmWI/FCaJzSaqb83EhwoNQ08M5mlVMteJv7n9WLt19yEiSjWVJD5IT/mSIcoqwANmaRE8 6khmEhmsiIyxhITbYoqmhKc5S+vkna14tgVp2naqMIcBTiGEzgDB86hDpfQgBYQkPAAT/Bs3VqP1ov1Oh/NWYudI/gD6 /0HdPKW0g==</latexit><latexit sha1_base64="/tIt7S4VhLsIlPkLubLDUw2gm Ao=">AAAB9XicbVA9SwNBFHwXNcb4FbW0WQyCVbhLY8qAjWUC5gOSM+xt9pIle3vH7p4SjvsRNmJjoYiW/g9LO/HPuJe k0MSBhWHmPd7seBFnStv2l5VbW9/Ibxa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yUXmd26oVCwU V3oaUTfAI8F8RrA20nU/wHrs+UkjHSQsHZTKdsWeAa0SZ0HK9Xzz++P+7q0xKH32hyGJAyo04VipnmNH2k2w1Ixwmhb7 saIRJhM8oj1DBQ6ocpNZ6hSdGmWI/FCaJzSaqb83EhwoNQ08M5mlVMteJv7n9WLt19yEiSjWVJD5IT/mSIcoqwANmaRE8 6khmEhmsiIyxhITbYoqmhKc5S+vkna14tgVp2naqMIcBTiGEzgDB86hDpfQgBYQkPAAT/Bs3VqP1ov1Oh/NWYudI/gD6 /0HdPKW0g==</latexit><latexit sha1_base64="Y9uYbPNgGBS9FK4iETnCsNQE1 pk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4A2lsl00g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemD gcM693DMnSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbTm9zvPnJtRKzucZZw P6JjJULBKFrpYRBRnARh1poPMzEfVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6mi ETd+tkg9JxdWGZEw1vYpJAv190ZGI2NmUWAn85Rm1cvF/7x+iuG1nwmVpMgVWx4KU0kwJnkFZCQ0ZyhnllCmhc1K2IRqy tAWVbEleKtfXiedRt1z696dW2s2ijrKcAbncAkeXEETbqEFbWCg4Rle4c15cl6cd+djOVpyip1T+APn8wcIVZLI</lat exit>
PNP
<latexit sha1_base64="4qlmcGTBaJpPYDQzi73X22wap Jc=">AAAB+XicbVDLSgMxFL1TX7W+xrp0EyyCqzLTjS4LblxJBfuAdhgyaaYNzSRDkimUoeCHuHGhiFv/xJ1/Y6btQls PJBzOuZecnCjlTBvP+3ZKW9s7u3vl/crB4dHxiXta7WiZKULbRHKpehHWlDNB24YZTnupojiJOO1Gk9vC706p0kyKRzNL aZDgkWAxI9hYKXTdQYLNOIrz1jzM70N7uzWv7i2ANom/IrVmNY6fAKAVul+DoSRZQoUhHGvd973UBDlWhhFO55VBpmmK yQSPaN9SgROqg3yRfI4urTJEsVT2CIMW6u+NHCdaz5LIThY59bpXiP95/czEN0HORJoZKsjyoTjjyEhU1ICGTFFi+MwST BSzWREZY4WJsWVVbAn++pc3SadR9726/2DbaMASZTiHC7gCH66hCXfQgjYQmMIzvMKbkzsvzrvzsRwtOaudM/gD5/MH5 MuVPw==</latexit><latexit sha1_base64="RYoeew8LIsuuNDjTkoaOos992 uU=">AAAB+XicbVDLSgMxFL3xWetrrEs3wSK4KjPd6LLgxpVUsA9ohyGTZtrQTGZIMoUy9E/cuFDErX/izr8xM+1CWw8 kHM65l5ycMBVcG9f9RlvbO7t7+5WD6uHR8cmpc1br6iRTlHVoIhLVD4lmgkvWMdwI1k8VI3EoWC+c3hV+b8aU5ol8MvOU +TEZSx5xSoyVAscZxsRMwihvL4L8IbC3U3cbbgm8SbwVqbdqUYl24HwNRwnNYiYNFUTrgeemxs+JMpwKtqgOM81SQqdk zAaWShIz7edl8gW+ssoIR4myRxpcqr83chJrPY9DO1nk1OteIf7nDTIT3fo5l2lmmKTLh6JMYJPgogY84opRI+aWEKq4z YrphChCjS2rakvw1r+8SbrNhuc2vEfbRhOWqMAFXMI1eHADLbiHNnSAwgye4RXeUI5e0Dv6WI5uodXOOfwB+vwBWsWWV w==</latexit><latexit sha1_base64="RYoeew8LIsuuNDjTkoaOos992 uU=">AAAB+XicbVDLSgMxFL3xWetrrEs3wSK4KjPd6LLgxpVUsA9ohyGTZtrQTGZIMoUy9E/cuFDErX/izr8xM+1CWw8 kHM65l5ycMBVcG9f9RlvbO7t7+5WD6uHR8cmpc1br6iRTlHVoIhLVD4lmgkvWMdwI1k8VI3EoWC+c3hV+b8aU5ol8MvOU +TEZSx5xSoyVAscZxsRMwihvL4L8IbC3U3cbbgm8SbwVqbdqUYl24HwNRwnNYiYNFUTrgeemxs+JMpwKtqgOM81SQqdk zAaWShIz7edl8gW+ssoIR4myRxpcqr83chJrPY9DO1nk1OteIf7nDTIT3fo5l2lmmKTLh6JMYJPgogY84opRI+aWEKq4z YrphChCjS2rakvw1r+8SbrNhuc2vEfbRhOWqMAFXMI1eHADLbiHNnSAwgye4RXeUI5e0Dv6WI5uodXOOfwB+vwBWsWWV w==</latexit><latexit sha1_base64="rpwUuIazvgE7Vg8bNMiTqiiqz bI=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZnpRpcFN66kgn1AOwyZNNOGZpIhyRTK0D9x40IRt/6JO//GTDsLbT2 QcDjnXnJyopQzbTzv26lsbe/s7lX3aweHR8cn7ulZV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+a3hV+b0aVZlI8mXlK gwSPBYsZwcZKoesOE2wmUZy3F2H+ENrbrXsNbwm0SfyS1KFEO3S/hiNJsoQKQzjWeuB7qQlyrAwjnC5qw0zTFJMpHtOB pQInVAf5MvkCXVllhGKp7BEGLdXfGzlOtJ4nkZ0scup1rxD/8waZiW+DnIk0M1SQ1UNxxpGRqKgBjZiixPC5JZgoZrMiM sEKE2PLqtkS/PUvb5Jus+F7Df/Rq7eaZR1VuIBLuAYfbqAF99CGDhCYwTO8wpuTOy/Ou/OxGq045c45/IHz+QO19ZOh< /latexit>
R
<latexit sha1_base64="Ec sBLW/FGOPFzS2S8BTsL6g5u/o=">AAAB6HicbZC7SgNBFI bPxluMt6ilzWAQrMJuGm3EgI1lIuYCyRJmJ2eTMbOzy8ys EJaAvY2FIra+hO9h59s4uRQa/WHg4//PYc45QSK4Nq775e RWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIb CcKaRQIbAWjq2neukeleSxvzThBP6IDyUPOqLFW/aZXLLl ldybyF7wFlC4/ChcPAFDrFT+7/ZilEUrDBNW647mJ8TOqD GcCJ4VuqjGhbEQH2LEoaYTaz2aDTsiJdfokjJV90pCZ+7M jo5HW4yiwlRE1Q72cTc3/sk5qwnM/4zJJDUo2/yhMBTExm W5N+lwhM2JsgTLF7ayEDamizNjbFOwRvOWV/0KzUvbcsld3 S9UKzJWHIziGU/DgDKpwDTVoAAOER3iGF+fOeXJenbd5ac 5Z9BzCLznv3wAojn8=</latexit><latexit sha1_base64="fv IeCM/+I4PimXJX+Y8suA/h1sg=">AAAB6HicbZDJSgNBEI Zr4hbHLerRS2MQPIWZXPQiBrx4TMQskAyhp1OTtOlZ6O4R wpAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacby u3srq2vpHftLe2d3b3CvsHDRWnkmGdxSKWLZ8qFDzCuuZaY CuRSENfYNMfXk3y5j1KxePoVo8S9ELaj3jAGdXGqt10C0W n5ExFlsGdQ/Hyw75I3r/sarfw2enFLA0x0kxQpdquk2gvo 1JzJnBsd1KFCWVD2se2wYiGqLxsOuiYnBinR4JYmhdpMnV /d2Q0VGoU+qYypHqgFrOJ+V/WTnVw7mU8SlKNEZt9FKSC6 JhMtiY9LpFpMTJAmeRmVsIGVFKmzW1scwR3ceVlaJRLrlNy a06xUoaZ8nAEx3AKLpxBBa6hCnVggPAAT/Bs3VmP1ov1Oi vNWfOeQ/gj6+0H8aiP8w==</latexit><latexit sha1_base64="fv IeCM/+I4PimXJX+Y8suA/h1sg=">AAAB6HicbZDJSgNBEI Zr4hbHLerRS2MQPIWZXPQiBrx4TMQskAyhp1OTtOlZ6O4R wpAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacby u3srq2vpHftLe2d3b3CvsHDRWnkmGdxSKWLZ8qFDzCuuZaY CuRSENfYNMfXk3y5j1KxePoVo8S9ELaj3jAGdXGqt10C0W n5ExFlsGdQ/Hyw75I3r/sarfw2enFLA0x0kxQpdquk2gvo 1JzJnBsd1KFCWVD2se2wYiGqLxsOuiYnBinR4JYmhdpMnV /d2Q0VGoU+qYypHqgFrOJ+V/WTnVw7mU8SlKNEZt9FKSC6 JhMtiY9LpFpMTJAmeRmVsIGVFKmzW1scwR3ceVlaJRLrlNy a06xUoaZ8nAEx3AKLpxBBa6hCnVggPAAT/Bs3VmP1ov1Oi vNWfOeQ/gj6+0H8aiP8w==</latexit><latexit sha1_base64="MO ijIrw/40tfmWwLZkYPN6C8CE8=">AAAB6HicbVA9TwJBEJ 3DL8Qv1NJmIzGxInc0UpLYWIKRjwQuZG+Zg5W9vcvungm5 8AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z 3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCG gUCu8H0duF3n1BpHssHM0vQj+hY8pAzaqzUuh+WK27VXYJ sEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxo WxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0 RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYW UKZ4vZWwiZUUWZsNiUbgrf+8ibp1KqeW/VabqVRy+MowgVc wjV4cAMNuIMmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w +mkYzC</latexit>
2a
<latexit sha1_base64="3e o3bBu5P1u5QpDHaKBzvH9wYN8=">AAAB6XicbZC7SgNBFI bPeo3rLWppMxgEq7CbRhsxYGMZxVwgWcLZyWwyZHZ2mZkV whLwAWwsFLH1IXwPO9/GyaXQxB8GPv7/HOacE6aCa+N538 7K6tr6xmZhy93e2d3bLx4cNnSSKcrqNBGJaoWomeCS1Q03g rVSxTAOBWuGw+tJ3nxgSvNE3ptRyoIY+5JHnKKx1l0Fu8W SV/amIsvgz6F09elePgJArVv86vQSmsVMGipQ67bvpSbIU RlOBRu7nUyzFOkQ+6xtUWLMdJBPJx2TU+v0SJQo+6QhU/d 3R46x1qM4tJUxmoFezCbmf1k7M9FFkHOZZoZJOvsoygQxC ZmsTXpcMWrEyAJSxe2shA5QITX2OK49gr+48jI0KmXfK/u3 XqlagZkKcAwncAY+nEMVbqAGdaAQwRO8wKszdJ6dN+d9Vr rizHuO4I+cjx+Hwo7K</latexit><latexit sha1_base64="EE jG3ortVltkrvw1dUSdNzONJbY=">AAAB6XicbZC7SgNBFI bPxltcb1FLm8EgWIXdNNqIARvLKOYCyRJmJ7PJkNnZZeas EELewMZCEds8hO9hI76Nk0uhiT8MfPz/Ocw5J0ylMOh530 5ubX1jcyu/7e7s7u0fFA6P6ibJNOM1lshEN0NquBSK11Cg5 M1UcxqHkjfCwc00bzxybUSiHnCY8iCmPSUiwSha675MO4W iV/JmIqvgL6B4/eFepZMvt9opfLa7CctirpBJakzL91IMR lSjYJKP3XZmeErZgPZ4y6KiMTfBaDbpmJxZp0uiRNunkMz c3x0jGhszjENbGVPsm+Vsav6XtTKMLoORUGmGXLH5R1EmC SZkujbpCs0ZyqEFyrSwsxLWp5oytMdx7RH85ZVXoV4u+V7J v/OKlTLMlYcTOIVz8OECKnALVagBgwie4AVenYHz7Lw57/ PSnLPoOYY/ciY/eVGQPg==</latexit><latexit sha1_base64="EE jG3ortVltkrvw1dUSdNzONJbY=">AAAB6XicbZC7SgNBFI bPxltcb1FLm8EgWIXdNNqIARvLKOYCyRJmJ7PJkNnZZeas EELewMZCEds8hO9hI76Nk0uhiT8MfPz/Ocw5J0ylMOh530 5ubX1jcyu/7e7s7u0fFA6P6ibJNOM1lshEN0NquBSK11Cg5 M1UcxqHkjfCwc00bzxybUSiHnCY8iCmPSUiwSha675MO4W iV/JmIqvgL6B4/eFepZMvt9opfLa7CctirpBJakzL91IMR lSjYJKP3XZmeErZgPZ4y6KiMTfBaDbpmJxZp0uiRNunkMz c3x0jGhszjENbGVPsm+Vsav6XtTKMLoORUGmGXLH5R1EmC SZkujbpCs0ZyqEFyrSwsxLWp5oytMdx7RH85ZVXoV4u+V7J v/OKlTLMlYcTOIVz8OECKnALVagBgwie4AVenYHz7Lw57/ PSnLPoOYY/ciY/eVGQPg==</latexit><latexit sha1_base64="pG OnU/bG3HgIr3n3LDf7Zs8YCNg=">AAAB6XicbVA9SwNBEJ 3zM8avqKXNYhCswl0aLQM2llHMByRH2NvMJUt2947dPSEc +Qc2ForY+o/s/Ddukis08cHA470ZZuZFqeDG+v63t7G5tb 2zW9or7x8cHh1XTk7bJsk0wxZLRKK7ETUouMKW5VZgN9VIZ SSwE01u537nCbXhiXq00xRDSUeKx5xR66SHOh1Uqn7NX4C sk6AgVSjQHFS++sOEZRKVZYIa0wv81IY51ZYzgbNyPzOYU jahI+w5qqhEE+aLS2fk0ilDEifalbJkof6eyKk0Zioj1ym pHZtVby7+5/UyG9+EOVdpZlGx5aI4E8QmZP42GXKNzIqpI 5Rp7m4lbEw1ZdaFU3YhBKsvr5N2vRb4teDerzbqRRwlOIcL uIIArqEBd9CEFjCI4Rle4c2beC/eu/exbN3wipkz+APv8w cuOo0N</latexit> 2a0
<latexit sha1_base64="xaCCXKoOgwp1BlMBKmnDm5Ej6 QE=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrcJuGm3EgI1lRHOBZAmzk7PJkNnZZWZWCEvAF7CxUMTWd/A97HwbJ5d CE38Y+Pj/c5hzTpAIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8HqSNx9QaR7L ezNK0I9oX/KQM2qsdVehp91iyS27U5Fl8OZQuvosXD4CQK1b/Or0YpZGKA0TVOu25ybGz6gynAkcFzqpxoSyIe1j26Kk EWo/m446JifW6ZEwVvZJQ6bu746MRlqPosBWRtQM9GI2Mf/L2qkJL/yMyyQ1KNnsozAVxMRksjfpcYXMiJEFyhS3sxI2o IoyY69TsEfwFldehkal7Lll79YtVSswUx6O4BjOwINzqMIN1KAODPrwBC/w6gjn2Xlz3melOWfecwh/5Hz8AOhXjvs=< /latexit><latexit sha1_base64="/MZtL4TnVzvXssTnn24Z6D0EQ DA=">AAAB6nicbZC7SgNBFIbPeo3rLWppMxhEq7CbRhsxYGMZ0VwgWcLsZDYZMju7zJwVQsgj2FgoYqnv4HvYiG/j5FJ o4g8DH/9/DnPOCVMpDHret7O0vLK6tp7bcDe3tnd283v7NZNkmvEqS2SiGyE1XArFqyhQ8kaqOY1Dyeth/2qc1++5NiJR dzhIeRDTrhKRYBStdVuiJ+18wSt6E5FF8GdQuPxwL9K3L7fSzn+2OgnLYq6QSWpM0/dSDIZUo2CSj9xWZnhKWZ92edOi ojE3wXAy6ogcW6dDokTbp5BM3N8dQxobM4hDWxlT7Jn5bGz+lzUzjM6DoVBphlyx6UdRJgkmZLw36QjNGcqBBcq0sLMS1 qOaMrTXce0R/PmVF6FWKvpe0b/xCuUSTJWDQziCU/DhDMpwDRWoAoMuPMATPDvSeXRenNdp6ZIz6zmAP3LefwDZ5pBv< /latexit><latexit sha1_base64="/MZtL4TnVzvXssTnn24Z6D0EQ DA=">AAAB6nicbZC7SgNBFIbPeo3rLWppMxhEq7CbRhsxYGMZ0VwgWcLsZDYZMju7zJwVQsgj2FgoYqnv4HvYiG/j5FJ o4g8DH/9/DnPOCVMpDHret7O0vLK6tp7bcDe3tnd283v7NZNkmvEqS2SiGyE1XArFqyhQ8kaqOY1Dyeth/2qc1++5NiJR dzhIeRDTrhKRYBStdVuiJ+18wSt6E5FF8GdQuPxwL9K3L7fSzn+2OgnLYq6QSWpM0/dSDIZUo2CSj9xWZnhKWZ92edOi ojE3wXAy6ogcW6dDokTbp5BM3N8dQxobM4hDWxlT7Jn5bGz+lzUzjM6DoVBphlyx6UdRJgkmZLw36QjNGcqBBcq0sLMS1 qOaMrTXce0R/PmVF6FWKvpe0b/xCuUSTJWDQziCU/DhDMpwDRWoAoMuPMATPDvSeXRenNdp6ZIz6zmAP3LefwDZ5pBv< /latexit><latexit sha1_base64="qxEsjxV7AflgeTaKackCPtYLj TQ=">AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmL0RFoueiTx4hGjBRJoyHbZwobtttmdmpCGn+DFg8Z49Rd589+4QA8KvmS Sl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0TZJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+Hkdu53nrg2IlGPOE15 ENOREpFgFK300KCXg2rNrbsLkHXiFaQGBVqD6ld/mLAs5gqZpMb0PDfFIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiF VYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BC81 ZfXSbtR99y6d+/Wmo0ijjKcwTlcgQfX0IQ7aIEPDEbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AI7PjT4=</latexit>
P1
<latexit sha1_base64="EWyDaF5XXt6F2J8Le1YKsWVJd pg=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUA2hNnJ3WTI7OwyMyuEJb9hY6GIrf/gN9iJP+NskkI TDwwczrmXe+YEieDauO6XU9ja3inulvbK+weHR8eVk9OOjlPFsM1iEateQDUKLrFtuBHYSxTSKBDYDaa3ud99QKV5LO/N LMFBRMeSh5xRYyXfj6iZBGHWnA+9YaXq1twFyCbxVqTaKLa+PwCgOax8+qOYpRFKwwTVuu+5iRlkVBnOBM7LfqoxoWxK x9i3VNII9SBbZJ6TS6uMSBgr+6QhC/X3RkYjrWdRYCfzjHrdy8X/vH5qwptBxmWSGpRseShMBTExyQsgI66QGTGzhDLFb VbCJlRRZmxNZVuCt/7lTdKp1zy35rVsG3VYogTncAFX4ME1NOAOmtAGBgk8wjO8OKnz5Lw6b8vRgrPaOYM/cN5/AN0Vk 7Y=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJ Rk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SS FJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks 78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTT BJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiC SaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/A FPVlY4=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJ Rk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SS FJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks 78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTT BJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiC SaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/A FPVlY4=</latexit><latexit sha1_base64="He40bPAJjWDRohzEe1nLm7viB 0g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemD gcM693DMnTAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkahFSj4BK7hhuBg1QhjUOB/XB2V/j9J1SaJ/LRzFMM YjqRPOKMGiv5fkzNNIzyzmLkjeoNt+kuQTaJV5IGlOiM6l/+OGFZjNIwQbUeem5qgpwqw5nARc3PNKaUzegEh5ZKGqMO 8mXmBbmyyphEibJPGrJUf2/kNNZ6Hod2ssio171C/M8bZia6DXIu08ygZKtDUSaISUhRABlzhcyIuSWUKW6zEjalijJja 6rZErz1L2+SXqvpuU3vwW20W2UdVbiAS7gGD26gDffQgS4wSOEZXuHNyZwX5935WI1WnHLnHP7A+fwB5ymRhA==</lat exit>
P2
<latexit sha1_base64="UDjqeUbaqmlj/Pej1lh+36KTS DY=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTI7Owyc1cIS37DxkIRW//Bb7ATf8bJo9D EAwOHc+7lnjlhKoVB1/1yClvbO8Xd0l55/+Dw6LhyctoxSaYZb7NEJroXUsOlULyNAiXvpZrTOJS8G05u5373gWsjEnWP 05QHMR0pEQlG0Uq+H1Mch1HenA3qg0rVrbkLkE3irUi1UWx9fwBAc1D59IcJy2KukElqTN9zUwxyqlEwyWdlPzM8pWxC R7xvqaIxN0G+yDwjl1YZkijR9ikkC/X3Rk5jY6ZxaCfnGc26Nxf/8/oZRjdBLlSaIVdseSjKJMGEzAsgQ6E5Qzm1hDItb FbCxlRThramsi3BW//yJunUa55b81q2jTosUYJzuIAr8OAaGnAHTWgDgxQe4RlenMx5cl6dt+VowVntnMEfOO8/3pmTt w==</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsT uY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SS FJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks 78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+amm CSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEE kwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/A VVZlY8=</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsT uY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SS FJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks 78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+amm CSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEE kwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/A VVZlY8=</latexit><latexit sha1_base64="Zq7aGSxcTRIg7HRpv+cLAUEPw b8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemD gcM693DMnTKUw6LrfTmVre2d3r7pfOzg8Oj6pn571TJJpxrsskYkehNRwKRTvokDJB6nmNA4l74ezu8LvP3FtRKIecZ7y IKYTJSLBKFrJ92OK0zDKO4tRa1RvuE13CbJJvJI0oERnVP/yxwnLYq6QSWrM0HNTDHKqUTDJFzU/MzylbEYnfGipojE3 Qb7MvCBXVhmTKNH2KSRL9fdGTmNj5nFoJ4uMZt0rxP+8YYbRbZALlWbIFVsdijJJMCFFAWQsNGco55ZQpoXNStiUasrQ1 lSzJXjrX94kvVbTc5veg9tot8o6qnABl3ANHtxAG+6hA11gkMIzvMKbkzkvzrvzsRqtOOXOOfyB8/kD6K2RhQ==</lat exit>
Pi
<latexit sha1_base64="H6fCgUr/lmHbmF74bnw2SRGeYIo=">AAAB9XicbVDLSgMxFL1Ttdb6qrp0EyyCqzLTjS4Lb ly2YB/QjiWTZtrQTDIkGaUM8x9uXCji1l/wG9yJP2Om7UJbDwQO59zLPTlBzJk2rvvlFDY2t4rbpZ3y7t7+wWHl6LijZaIIbRPJpeoFWFPOBG0bZjjtxYriKOC0G0yvc797T5VmUtyaWUz9CI8FCxnBxkp3gwibSRCmzWyYsmxYqbo1dw60TrwlqT aKre8PAGgOK5+DkSRJRIUhHGvd99zY+ClWhhFOs/Ig0TTGZIrHtG+pwBHVfjpPnaFzq4xQKJV9wqC5+nsjxZHWsyiwk3lKverl4n9ePzHhlZ8yESeGCrI4FCYcGYnyCtCIKUoMn1mCiWI2KyITrDAxtqiyLcFb/fI66dRrnlvzWraNOixQglM4gwv w4BIacANNaAMBBY/wDC/Og/PkvDpvi9GCs9w5gT9w3n8A/jKU+g==</latexit><latexit sha1_base64="/tIt7S4VhLsIlPkLubLDUw2gmAo=">AAAB9XicbVA9SwNBFHwXNcb4FbW0WQyCVbhLY8qAj WUC5gOSM+xt9pIle3vH7p4SjvsRNmJjoYiW/g9LO/HPuJek0MSBhWHmPd7seBFnStv2l5VbW9/Ibxa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yUXmd26oVCwUV3oaUTfAI8F8RrA20nU/wHrs+UkjHSQsHZTKdsWeAa0SZ0 HK9Xzz++P+7q0xKH32hyGJAyo04VipnmNH2k2w1Ixwmhb7saIRJhM8oj1DBQ6ocpNZ6hSdGmWI/FCaJzSaqb83EhwoNQ08M5mlVMteJv7n9WLt19yEiSjWVJD5IT/mSIcoqwANmaRE86khmEhmsiIyxhITbYoqmhKc5S+vkna14tgVp2naqMIcBTi GEzgDB86hDpfQgBYQkPAAT/Bs3VqP1ov1Oh/NWYudI/gD6/0HdPKW0g==</latexit><latexit sha1_base64="/tIt7S4VhLsIlPkLubLDUw2gmAo=">AAAB9XicbVA9SwNBFHwXNcb4FbW0WQyCVbhLY8qAj WUC5gOSM+xt9pIle3vH7p4SjvsRNmJjoYiW/g9LO/HPuJek0MSBhWHmPd7seBFnStv2l5VbW9/Ibxa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yUXmd26oVCwUV3oaUTfAI8F8RrA20nU/wHrs+UkjHSQsHZTKdsWeAa0SZ0 HK9Xzz++P+7q0xKH32hyGJAyo04VipnmNH2k2w1Ixwmhb7saIRJhM8oj1DBQ6ocpNZ6hSdGmWI/FCaJzSaqb83EhwoNQ08M5mlVMteJv7n9WLt19yEiSjWVJD5IT/mSIcoqwANmaRE86khmEhmsiIyxhITbYoqmhKc5S+vkna14tgVp2naqMIcBTi GEzgDB86hDpfQgBYQkPAAT/Bs3VqP1ov1Oh/NWYudI/gD6/0HdPKW0g==</latexit><latexit sha1_base64="Y9uYbPNgGBS9FK4iETnCsNQE1pk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgx mUF+4A2lsl00g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMnSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbTm9zvPnJtRKzucZZwP6JjJULBKFrpYRBRnARh1poPMzEfVmtu3V2ArBOvIDUo0B pWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+tkg9JxdWGZEw1vYpJAv190ZGI2NmUWAn85Rm1cvF/7x+iuG1nwmVpMgVWx4KU0kwJnkFZCQ0ZyhnllCmhc1K2IRqytAWVbEleKtfXiedRt1z696dW2s2ijrKcAbncAkeXEETbqE FbWCg4Rle4c15cl6cd+djOVpyip1T+APn8wcIVZLI</latexit>
PNP
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Figure 1: Depiction of deformation of an elastic sphere under the action of a general configuration of contact forces, due to a distributed surface pressure p
acting on its surface. The figure on the left denotes the configuration before deformation (reference configuration) while the figure on the right denotes the
deformed configuration.
2. Deformation of an elastic sphere in a confined granular system under the action of a distributed surface pressure
We consider the deformation of a linear elastic sphere with radius R, Young’s modulus E and Poisson’s ration ν, under the
action of a distributed pressure and a general loading configuration of multiple contact forces. By approximating the deformation
with an axially symmetric field, a cylindrical coordinate system defined in Figure 1 is adopted. The reference coordinates are
denoted by X : (r, z), while the deformed coordinates are denoted by x : (r′, z′). The general loading configuration is represented
by (Pi, θi), where Pi are the forces acting on the sphere’s surface and θi are their angular distances with respect to z or z′ axis.
A spherical cap of base radius a deforms to a flat circular surface of radius a′ under the action of an ellipsoidally distributed
pressure p proposed by Hertz (1882) and given by
p(r) = p¯m
√
1 − r
2
a2
(1)
where p¯m = 3P/2pia2 is the maximum value of the pressure and P is the effective contact force. The displacement of the elastic
cap is represented by a deformation mapping ϕ(X), given by
{
r′
z′
}
= ϕ(X) =

r + u(r) +
NP∑
i=1
uPi (r)
R − √R2 − r2 + w(r) − NP∑
i=1
wPi (r)
 (2)
where z = R − √R2 − r2 is used, thus enabling the deformation mapping of surface points solely in terms of r. Quantities
w(r) and u(r) are the vertical and radial displacements of the cap’s surface points due to local pressure p(r), which can be
approximated by means of Boussinesq solution (Johnson, 1987; Timoshenko & Goodier, 1970), i.e., by
w(r) =
3P(1 − ν2)
8a3E
(2a2 − r2) (3)
and, according to Tatara (1991), by
u(r) =
(1 + ν)P
4piEr
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 (4)
Quantities uPi (r) and wPi (r) are the nonlocal contributions to radial and vertical displacements induced by concentrated forces
Pi acting on the surface of the sphere. As a valid approximation, Gonzalez & Cuitin˜o (2012) have represented wPi (r) by the
4xi
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Figure 2: Depiction of nonlocal effects on the contact area between two dissimilar particles being compressed by a general loading configuration. The figure
shows a schematic of the loading configuration, and the contact configuration without (long dashed curve) and with (solid curve) nonlocal correction. The
contact with effective nonlocal correction is depicted by a short dashed curve, with radius a′i j.
value of wPi at the contact center, i.e., by
wPi (r) ' wPi (0) '
(1 + ν)Pi
4piRE
[−2(1 − ν) − 2(1 − 2ν) sin(θi/2) + (7 − 8ν) sin2(θi/2)
sin(θi/2)
]
(5)
Determination of nonlocal radial displacements uPi (r) is addressed in the next section and it is a major contribution of this work.
It is worth noting that if both local and nonlocal radial displacements are assumed negligible, the nonlocal contact formulation
proposed by Gonzalez & Cuitin˜o (2012) is recovered.
From the above particle deformation analysis, an important conclusion can be drawn. Although physical quantities, such
as pressure and contact radius, compatibility conditions and equilibrium are defined in the deformed configuration, it is more
convenient to work in the reference configuration. Physical quantities can be easily converted to spacial quantities by using
the deformation mapping ϕ(X) and push-forward operations. This understanding will be used in the analysis performed in
subsequent sections.
3. Nonlocal effects in the evolution of inter-particle contact area
We now consider the evolution of contact surface between two elastic spherical particles i and j of radius Ri and R j, and
material properties Ei, νi and E j, ν j respectively, being pressed together in a general configuration of particles simulating a
confined granular system (Figure 2). We propose that the particles deform to accommodate a flat contact surface of effective
radius a′i j, given by
a′i j = ai j +
1
2
 Pi jmLi j(ai j) +
∑
h∈Ni,h, j
Pih
mNLjih (x j, xi, xh)
+
∑
k∈N j,k,i
P jk
mNLi jk (xi, x j, xk)
 (6)
where ai j is the contact radius in the reference configuration, xi andNi are the position and neighbors of particle i, and Pi j is the
effective contact force between particles i and j. The factor of 1/2 signifies an average of the radial deformations at the contact
due to particles i and j and their respective neighbors.
Term mLi j corresponds to the local contribution to radial deformation of the contact boundary. Using eq. 4 for r = ai j, it can
be expressed as
1
mLi j
=
∑
l=i, j
1 + νl
4piElRl
 1√2
√√
1 +
√
1 −
(
ai j
Rl
)2
− 2(1 − 2νl)
(
Rl
ai j
) 1 − 1√2
√√
1 −
√
1 −
(
ai j
Rl
)2
 (7)
5Term mNLjih corresponds to the nonlocal contribution to the radial deformation of the contact boundary, given by
1
mNLjih
=
1
2pi
∫ 2pi
0
dφ
mNLjih,Q(x j, xi, xh, φ)
(8)
where mNLjih,Q corresponds to a particular point Q on the contact boundary, denoted by its angular position φ with respect to
the plane T given by the equation
[
(xi − x j) × (xi − xh)
]
· (x − xi) = 0 (the plane shown in Figure 2). Specifically, mNLjih,Q is
mathematically represented by
1
mNLjih,Q
=
1 + νi
2piEiRi
 sin θ jih cos φ
(
sin(θ jih/2) − sin(β jih,Q/2)
) (
sin(θ jih/2) sin(β jih,Q/2) − 2 + 2νi
)
2 sin(θ jih/2) sin(β jih,Q/2)
+
√
1 − sin2 θ jih cos2 φ
[
cos(β jih,Q/2) − cos(θ jih/2)
2
−(1 − 2νi)
(
1 − sin(β jih,Q/2)
sin β jih,Q
− cos(θ jih/2)
2 sin(θ jih/2)(1 + sin(θ jih/2))
)] 
(9)
where β jih,Q = ̂xi j,Qxixh is the angle between point Q and position coordinates of particles i and h, given by
β jih,Q = cos−1
[
cos
∣∣∣∣∣∣θ jih − sin−1
(
ai j
Ri
)∣∣∣∣∣∣ −
(
ai j
Ri
)
(1 − cos φ) sin θ jih
]
(10)
and θ jih = x̂ jxixh is the angle between position coordinates of particles j, i and h. A detailed derivation of mNLjih,Q is presented in
Appendix A. It essentially entails calculation of the radial displacement of point Q on the boundary of the deforming surface
due to one of the forces Pi depicted in Figure 1.
In eq. 8, mNLjih is calculated by taking an average of the radial displacements due to nonlocal forces exerted by particles h on
particle i across the contact boundary between particles i and j. Such averaging is necessary due to the fact that the nonlocal
radial contribution of a particular force is asymmetric over the contact boundary due to dependence on variable angle φ. By
averaging over φ, the assumed symmetry in the deformation field is recovered, allowing the deformed contact surface to be
approximated by a circular surface, although resulting in a shift in the position of its center which will be neglected in this work
(see insert in Figure 2 and Appendix A, eq. A.10). It was found that the integral in eq. 8 does not have an exact closed-form
solution; however, its numerical integration is convergent and is used in further analysis.
We next proceed to identify a closed-form approximate solution for mNLjih amenable to a computationally tractable imple-
mentation. To this end, we first carry out a Taylor series expansion of 1/mNLjih,Q about ai j/Ri = 0 to obtain
1
2pi
∫ 2pi
0
dφ
mNLjih,Q(x j, xi, xh, φ)
=
1 + νi
16piEiRi
cos2
(
θ jih/2
)
(4νi − 3 − cos θ jih)
sin
(
θ jih/2
)  (ai jRi
)
+ O
(ai jRi
)2 (11)
Similary, we carry out a Taylor expansion of 1/mNLjih,Q about θ jih = pi to obtain
1
2pi
∫ 2pi
0
dφ
mNLjih,Q(x j, xi, xh, φ)
=
1
mNLjih,pi
− (1 + νi)(1 + 2νi)
16piEiRi
(pi − θ jih) + O
(
(pi − θ jih)2
)
(12)
where mNLjih,pi corresponds to the analytical solution of eq. 8 for θ jih = pi, that is
1
mNLjih,pi
=
1 + νi
4piEiRi
 1√2
√√
1 −
√
1 −
(
ai j
Ri
)2
− 2(1 − 2νi)
(
Ri
ai j
) 1 − 1√2
√√
1 +
√
1 −
(
ai j
Ri
)2
 (13)
Figure 3 presents a comparison of the two approximate analytical solutions obtained from truncated Taylor expansions at
ai j/Ri = 0 (eq. 11) and θ jih = pi (eq. 12) with the numerical solution of eq. 8, by plotting the dimensionless quantity EiRi/mNLjih
with respect to θ jih for all possible values of θ jih ∈
(
sin−1
(
ai j/Ri
)
, pi
]
. To gain a better insight into the non-linear dependency
of the expressions on ai j/Ri and νi, graphs for three different values of νi (= 0.15, 0.3 and 0.45) are shown, with each graph
having plots evaluated at three different values of ai j/Ri (= 0.25, 0.5 and 0.75). Analysis of the plots suggests that the numerical
solution is fairly represented by eq. 11 until it shifts to positive values near θ jih = 3pi/4. Thereafter, the numerical solution is
well represented by eq. 12. Accordingly, we propose a piecewise continuous function to represent mNLjih , given by
6(a) ν = 0.15 (b) ν = 0.3
(c) ν = 0.45
Figure 3: Plots of EiRi/mNLjih obtained by truncated Taylor expansion at ai j/Ri = 0 (eq. 11, solid curves) and θ jih = pi (eq. 12, dashed curves) versus angular
distance θ jih, compared with numerical solution of eq. 8 (dotted curves). Graphs for three different values of νi equal to (a). 0.15, (b). 0.3 and (c). 0.45 are
presented, each having plots evaluated at three different values of ai j/Ri (red curves for ai j/Ri = 0.25, green curves for ai j/Ri = 0.5 and blue curves for ai j/Ri =
0.75). The lower bound of θ jih = sin−1(ai j/Ri) (dashed-dotted lines) for evaluation of nonlocal contributions has also been delineated in each of the graphs.
1
mNLjih
'

1 + νi
16piEiRi
 cos2(θ jih/2)(4νi − 3 − cos θ jih)sin(θ jih/2) − cos
2(θcjih/2)(4νi − 3 − cos θcjih)
sin(θcjih/2)
 (ai jRi
)
θ jih ≤ θcjih
1
mNLjih,pi
− (1 + νi)(1 + 2νi)
16piEiRi
(pi − θ jih) θ jih > θcjih
(14)
where θcjih is the critical value of angular distance at which 1/m
NL
jih = 0, given by
θcjih = pi −
16piEiRi
(1 + νi)(1 + 2νi)mNLjih,pi
(15)
Figure 4 shows a comparison of the numerical solution of 1/mNLjih and the proposed piecewise continuous approximate solution,
using the same values of ai j/Ri and νi as in Figure 3. The accuracy of the closed-form approximate solution is acceptable and
the computational tractability of the formulation is attained.
4. Curvature correction to the nonlocal contact formulation
We again consider a configuration of two elastic spheres i and j being pressed together along the direction zi j = (xi−x j)/||xi−
x j|| by a general configuration of concentrated forces, as depicted in Figure 2. According to the nonlocal contact formulation
7(a) ν = 0.15 (b) ν = 0.3
(c) ν = 0.45
Figure 4: Plots of EiRi/mNLjih obtained by piecewise approximate solution eq. 14 (bold solid curves) versus angular distance θ jih, compared with numerical
solution of eq. 8 (dotted curves). The values of νi and ai j/Ri are the same as in figure 3.
(Gonzalez & Cuitin˜o, 2012), any point within the contact area satisfies the following compatibility equation
γi j = Ri −
√
R2i − r2i j + R j −
√
R2j − r2i j + wi(ri j) + w j(ri j) − γNLi j (16)
where γi j is the relative displacement of xi and x j along the direction zi j, ri j is the radial coordinate from axis zi j of surface
points in the reference configuration, and wi(ri j) and w j(ri j) are the vertical displacements of surface points located at ri j on
spheres i and j. The last term in the equation, γNLi j , is the total nonlocal contribution to vertical displacements induced by all
neighbors of the two particles, i.e.,
γNLi j =
∑
h∈Ni,h, j
Pih
nNLjih (x j, xi, xh)
+
∑
k∈N j,k,i
P jk
nNLi jk (xi, x j, xk)
(17)
with nNLjih derived from eq. 5 (Gonzalez & Cuitin˜o, 2012)
1
nNLjih
=
(1 + νi)
4piRiEi
−2(1 − νi) − 2(1 − 2νi) sin(θ jih/2) + (7 − 8νi) sin2(θ jih/2)sin(θ jih/2)
 (18)
An important assumption of the Hertz theory is that the profile of the undeformed spherical contact surface is replaced by the
first term of its Taylor series expansion, i.e.
Ri −
√
R2i − r2i j = Ri
 r2i j2R2i + O
a4i jR4i
 ' r2i j2Ri (19)
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q2
<latexit sha1_base64="Ry+LeIbTXxEylSn v98nbG2VId28=">AAAB6nicbVA9SwNBEJ3zM4lfUUubxSBYhbs0WgZsLCOaD0iOsLe3lyzZ2 zt354RwpLaysVDExsJfZOe/cfNRaOKDgcd7M8zMC1IpDLrut7O2vrG5tV0olnZ29/YPyodHLZ NkmvEmS2SiOwE1XArFmyhQ8k6qOY0DydvB6Grqtx+4NiJRdzhOuR/TgRKRYBStdHvfr/XLFbf qzkBWibcglXrxMfwAgEa//NULE5bFXCGT1Jiu56bo51SjYJJPSr3M8JSyER3wrqWKxtz4+ez UCTmzSkiiRNtSSGbq74mcxsaM48B2xhSHZtmbiv953QyjSz8XKs2QKzZfFGWSYEKmf5NQaM5Q ji2hTAt7K2FDqilDm07JhuAtv7xKWrWq51a9G5uGC3MU4ARO4Rw8uIA6XEMDmsBgAE/wAq+Od J6dN+d93rrmLGaO4Q+czx9za49Y</latexit><latexit sha1_base64="M3TbLoj53WalPvr r/ltRLFKEXBU=">AAAB6nicbVA9SwNBEJ2LX0n8ilraLAbBQsJdGi0DNpYRzQckR9jb20uW7 O6du3tCONLYWNlYKGJr65+x89fo5qPQxAcDj/dmmJkXJJxp47pfTm5ldW19I18obm5t7+yW9v abOk4VoQ0S81i1A6wpZ5I2DDOcthNFsQg4bQXDi4nfuqNKs1jemFFCfYH7kkWMYGOl69tetVc quxV3CrRMvDkp1woP4cf3/Wm9V/rshjFJBZWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LJRZ U+9n01DE6tkqIoljZkgZN1d8TGRZaj0RgOwU2A73oTcT/vE5qonM/YzJJDZVktihKOTIxmvyN QqYoMXxkCSaK2VsRGWCFibHpFG0I3uLLy6RZrXhuxbuyabgwQx4O4QhOwIMzqMEl1KEBBPrwC M/w4nDnyXl13matOWc+cwB/4Lz/AMLykRI=</latexit><latexit sha1_base64="M3TbLoj53WalPvr r/ltRLFKEXBU=">AAAB6nicbVA9SwNBEJ2LX0n8ilraLAbBQsJdGi0DNpYRzQckR9jb20uW7 O6du3tCONLYWNlYKGJr65+x89fo5qPQxAcDj/dmmJkXJJxp47pfTm5ldW19I18obm5t7+yW9v abOk4VoQ0S81i1A6wpZ5I2DDOcthNFsQg4bQXDi4nfuqNKs1jemFFCfYH7kkWMYGOl69tetVc quxV3CrRMvDkp1woP4cf3/Wm9V/rshjFJBZWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LJRZ U+9n01DE6tkqIoljZkgZN1d8TGRZaj0RgOwU2A73oTcT/vE5qonM/YzJJDZVktihKOTIxmvyN QqYoMXxkCSaK2VsRGWCFibHpFG0I3uLLy6RZrXhuxbuyabgwQx4O4QhOwIMzqMEl1KEBBPrwC M/w4nDnyXl13matOWc+cwB/4Lz/AMLykRI=</latexit><latexit sha1_base64="gUGNTlRBUROZ5bb lXUsySaa0kbs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfbSaBmwsYxoPiA5wt5mL1myt 3fuzgkh5CfYWChi6y+y89+4Sa7QxAcDj/dmmJkXpkpapPTbK2xsbm3vFHdLe/sHh0fl45OWTT LDRZMnKjGdkFmhpBZNlKhEJzWCxaES7XB8M/fbT8JYmegHnKQiiNlQy0hyhk66f+zX+uUKrdI FyDrxc1KBHI1++as3SHgWC41cMWu7Pk0xmDKDkisxK/UyK1LGx2wouo5qFgsbTBenzsiFUwY kSowrjWSh/p6YstjaSRy6zpjhyK56c/E/r5thdB1MpU4zFJovF0WZIpiQ+d9kII3gqCaOMG6k u5XwETOMo0un5ELwV19eJ61a1adV/45W6jSPowhncA6X4MMV1OEWGtAEDkN4hld485T34r17H 8vWgpfPnMIfeJ8/+9GNhA==</latexit>
qij
<latexit sha1_base6 4="cQ1rRwWyon7MrfSDhJscjiSZKgI=">AAA B7XicbVA9SwNBEJ2LXzF+xVjaLAbBKuzZaBm wsYxgPiA5wt5mL9lkb/fc3RPCkdbaxkIR0cr/ Y+e/cfNRaOKDgcd7M8zMCxPBjcX428utrW9s buW3Czu7e/sHxcNSw6hUU1anSijdColhgktW t9wK1ko0I3EoWDMcXU395j3Thit5a8cJC2LSl zzilFgnNe66GR9OusUyruAZ0CrxF6RcLX08v ANArVv86vQUTWMmLRXEmLaPExtkRFtOBZsUO qlhCaEj0mdtRyWJmQmy2bUTdOqUHoqUdiUtmq m/JzISGzOOQ9cZEzswy95U/M9rpza6DDIuk9 QySeeLolQgq9D0ddTjmlErxo4Qqrm7FdEB0Y RaF1DBheAvv7xKGucVH1f8G5cGhjnycAwncAY +XEAVrqEGdaAwhEd4hhdPeU/eq/c2b815i5k j+APv8wewgJFU</latexit><latexit sha1_base6 4="IvwzBKK86Yof11V0OMSeKEYgFpk=">AAA B7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFo GbCwjmA9IjrC32Us22du97O4J4UhrZWEjqIhg 5f+x89+4+Sg08cHA470ZZuYFMWfauO63k1lZ XVvfyG7mtrZ3dvfy+4WalokitEokl6oRYE05 E7RqmOG0ESuKo4DTejC4mvj1O6o0k+LWjGLqR 7grWMgINlaqDdsp64/b+aJbcqdAy8Sbk2K58 HH/fH74UGnnv1odSZKICkM41rrpubHxU6wMI 5yOc61E0xiTAe7SpqUCR1T76fTaMTqxSgeFUt kSBk3V3xMpjrQeRYHtjLDp6UVvIv7nNRMTXv opE3FiqCCzRWHCkZFo8jrqMEWJ4SNLMFHM3o pIDytMjA0oZ0PwFl9eJrWzkueWvBubhgszZOE IjuEUPLiAMlxDBapAoA+P8AKvjnSenDfnfda aceYzB/AHzucPw1ySIg==</latexit><latexit sha1_base6 4="IvwzBKK86Yof11V0OMSeKEYgFpk=">AAA B7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFo GbCwjmA9IjrC32Us22du97O4J4UhrZWEjqIhg 5f+x89+4+Sg08cHA470ZZuYFMWfauO63k1lZ XVvfyG7mtrZ3dvfy+4WalokitEokl6oRYE05 E7RqmOG0ESuKo4DTejC4mvj1O6o0k+LWjGLqR 7grWMgINlaqDdsp64/b+aJbcqdAy8Sbk2K58 HH/fH74UGnnv1odSZKICkM41rrpubHxU6wMI 5yOc61E0xiTAe7SpqUCR1T76fTaMTqxSgeFUt kSBk3V3xMpjrQeRYHtjLDp6UVvIv7nNRMTXv opE3FiqCCzRWHCkZFo8jrqMEWJ4SNLMFHM3o pIDytMjA0oZ0PwFl9eJrWzkueWvBubhgszZOE IjuEUPLiAMlxDBapAoA+P8AKvjnSenDfnfda aceYzB/AHzucPw1ySIg==</latexit><latexit sha1_base6 4="O0LrJFp+FQhkPpmtnIJ31dGBYlM=">AAA B7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiXS96JH Ei0dMZCGBDemWLhS67dp2TciG/+DFg8Z49f94 899YYA8KvmSSl/dmMjMvSgU3FuNvr7SxubW9 U96t7O0fHB5Vj08CozJNWYsqoXQnIoYJLlnL citYJ9WMJJFg7WhyO/fbT0wbruSDnaYsTMhQ8 phTYp0UPPZzPp71qzVcxwugdeIXpAYFmv3qV 2+gaJYwaakgxnR9nNowJ9pyKtis0ssMSwmdk CHrOipJwkyYL66doQunDFCstCtp0UL9PZGTxJ hpErnOhNiRWfXm4n9eN7PxTZhzmWaWSbpcFG cCWYXmr6MB14xaMXWEUM3drYiOiCbUuoAqLg R/9eV1ElzVfVz373GtgYs4ynAG53AJPlxDA+6 gCS2gMIZneIU3T3kv3rv3sWwtecXMKfyB9/k D272POw==</latexit>
Qij
<latexit sha1_base64="iKGgW9em85Bxuah ZCJc9ZsTdCNg=">AAAB+XicbVDLSsNAFL3xWesrPnZuBovgqiTd6LLgxmUL9gFtCJPppB07m YSZSaGEgB/ixoUibsUfceeHuHfSdqGtBwYO59zLPXOChDOlHefLWlvf2NzaLu2Ud/f2Dw7to+ O2ilNJaIvEPJbdACvKmaAtzTSn3URSHAWcdoLxTeF3JlQqFos7PU2oF+GhYCEjWBvJt+1+hPW IYJ41cz9j97lvV5yqMwNaJe6CVOqn3x8PANDw7c/+ICZpRIUmHCvVc51EexmWmhFO83I/VTT BZIyHtGeowBFVXjZLnqMLowxQGEvzhEYz9fdGhiOlplFgJoucatkrxP+8XqrDay9jIkk1FWR+ KEw50jEqakADJinRfGoIJpKZrIiMsMREm7LKpgR3+curpF2ruk7VbZo2ajBHCc7gHC7BhSuow y00oAUEJvAIz/BiZdaT9Wq9zUfXrMXOCfyB9f4Dcz2WXg==</latexit><latexit sha1_base64="izeuLtPNuQ+dj1z si/u4qqljuBk=">AAAB+XicbVC7TsMwFL0pr1Je4bGxWFRITFXSBcZKLIytRB9SW0WO67Smj hPZTqUqyp+wMIAQa8WPsPEL7Ow4bQdoOZKlo3Pu1T0+fsyZ0o7zaRU2Nre2d4q7pb39g8Mj+/ ikpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJv77QmVikXiXk9j2g/xULCAEayN5Nl2L8R 6RDBPG5mXsofMs8tOxZkDrRN3Scq1s+939TUb1T37ozeISBJSoQnHSnVdJ9b9FEvNCKdZqZc oGmMyxkPaNVTgkKp+Ok+eoUujDFAQSfOERnP190aKQ6WmoW8m85xq1cvF/7xuooObfspEnGgq yOJQkHCkI5TXgAZMUqL51BBMJDNZERlhiYk2ZZVMCe7ql9dJq1pxnYrbMG1UYYEinMMFXIEL1 1CDO6hDEwhM4BGe4cVKrSfr1XpbjBas5c4p/IE1+wEVIphW</latexit><latexit sha1_base64="izeuLtPNuQ+dj1z si/u4qqljuBk=">AAAB+XicbVC7TsMwFL0pr1Je4bGxWFRITFXSBcZKLIytRB9SW0WO67Smj hPZTqUqyp+wMIAQa8WPsPEL7Ow4bQdoOZKlo3Pu1T0+fsyZ0o7zaRU2Nre2d4q7pb39g8Mj+/ ikpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJv77QmVikXiXk9j2g/xULCAEayN5Nl2L8R 6RDBPG5mXsofMs8tOxZkDrRN3Scq1s+939TUb1T37ozeISBJSoQnHSnVdJ9b9FEvNCKdZqZc oGmMyxkPaNVTgkKp+Ok+eoUujDFAQSfOERnP190aKQ6WmoW8m85xq1cvF/7xuooObfspEnGgq yOJQkHCkI5TXgAZMUqL51BBMJDNZERlhiYk2ZZVMCe7ql9dJq1pxnYrbMG1UYYEinMMFXIEL1 1CDO6hDEwhM4BGe4cVKrSfr1XpbjBas5c4p/IE1+wEVIphW</latexit><latexit sha1_base64="E6MZ4wGAG3l4YS7 6sh3nwe3Ha5w=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTd2GXBjcsW7APaECbTSTt2M gkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tio7u3v7B9XD2tHxyemZfX7RV3 EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy/8wYJKxWLxqJcJ9SI8FSxkBGsj+bY9jrCeEcy zbu5n7Cn37brTcFZA28QtSR1KdHz7azyJSRpRoQnHSo1cJ9FehqVmhNO8Nk4VTTCZ4ykdGSp wRJWXrZLn6MYoExTG0jyh0Ur9vZHhSKllFJjJIqfa9ArxP2+U6rDlZUwkqaaCrA+FKUc6RkUN aMIkJZovDcFEMpMVkRmWmGhTVs2U4G5+eZv0mw3Xabhdp95ulnVU4Qqu4RZcuIM2PEAHekBgA c/wCm9WZr1Y79bHerRilTuX8AfW5w8V5ZPg</latexit>
B(qij ,!ij)
<latexit sha1_base6 4="Ghx3cE5dThkfR4vHeaKoeMZRCpo=">AAA B/nicbZDLSsNAFIZPvNZ6ixVXbgaLUEFK4ka XRTcuK9gLtCVMppN27GQSZyZCCQVXPofduFDE rc/hzrdxmnahrT8MfPznHM6Z3485U9pxvq2l 5ZXVtfXcRn5za3tn194r1FWUSEJrJOKRbPpY Uc4ErWmmOW3GkuLQ57ThD64m9cYDlYpF4lYPY 9oJcU+wgBGsjeXZB5eley9ld6PTdhTSHs74x LOLTtnJhBbBnUGxUhg/PQNA1bO/2t2IJCEVm nCsVMt1Yt1JsdSMcDrKtxNFY0wGuEdbBgUOqe qk2fkjdGycLgoiaZ7QKHN/T6Q4VGoY+qYzxL qv5msT879aK9HBRSdlIk40FWS6KEg40hGaZI G6TFKi+dAAJpKZWxHpY4mJNonlTQju/JcXoX5 Wdp2ye2PScGCqHBzCEZTAhXOowDVUoQYEUhj DK7xZj9aL9W59TFuXrNnMPvyR9fkDpVCXaQ= =</latexit><latexit sha1_base6 4="3APc5jP7ENHdRyU9Tuj1Iac3Kag=">AAA B/nicbZDLSgMxFIYz9Vbrbax05SZYhApSZgT RZdGNywr2Au0wZNK0jU0yY5IRylBw5coHcNuN C0Xc+hzufBvTaRfa+kPg4z/ncE7+IGJUacf5 tjJLyyura9n13Mbm1vaOvZuvqzCWmNRwyELZ DJAijApS01Qz0owkQTxgpBEMLif1xj2RiobiR g8j4nHUE7RLMdLG8u3CRenOT+jt6LgdctJDK R/5dtEpO6ngIrgzKFby48fn08JT1be/2p0Qx 5wIjRlSquU6kfYSJDXFjIxy7ViRCOEB6pGWQY E4UV6Snj+Ch8bpwG4ozRMapu7viQRxpYY8MJ 0c6b6ar03M/2qtWHfPvYSKKNZE4OmibsygDu EkC9ihkmDNhgYQltTcCnEfSYS1SSxnQnDnv7w I9ZOy65Tda5OGA6bKgn1wAErABWegAq5AFdQ ABgkYg1fwZj1YL9a79TFtzVizmT3wR9bnD7g smDc=</latexit><latexit sha1_base6 4="3APc5jP7ENHdRyU9Tuj1Iac3Kag=">AAA B/nicbZDLSgMxFIYz9Vbrbax05SZYhApSZgT RZdGNywr2Au0wZNK0jU0yY5IRylBw5coHcNuN C0Xc+hzufBvTaRfa+kPg4z/ncE7+IGJUacf5 tjJLyyura9n13Mbm1vaOvZuvqzCWmNRwyELZ DJAijApS01Qz0owkQTxgpBEMLif1xj2RiobiR g8j4nHUE7RLMdLG8u3CRenOT+jt6LgdctJDK R/5dtEpO6ngIrgzKFby48fn08JT1be/2p0Qx 5wIjRlSquU6kfYSJDXFjIxy7ViRCOEB6pGWQY E4UV6Snj+Ch8bpwG4ozRMapu7viQRxpYY8MJ 0c6b6ar03M/2qtWHfPvYSKKNZE4OmibsygDu EkC9ihkmDNhgYQltTcCnEfSYS1SSxnQnDnv7w I9ZOy65Tda5OGA6bKgn1wAErABWegAq5AFdQ ABgkYg1fwZj1YL9a79TFtzVizmT3wR9bnD7g smDc=</latexit><latexit sha1_base6 4="6QLTsXcsgpwL7c8M1vnKg/wvh4o=">AAA B/nicbZDLSsNAFIYnXmu9RcWVm8EiVJCSuNF l0Y3LCvYCbQiT6aQdO5c4MxFKKPgqblwo4tbn cOfbOE2z0NYfBj7+cw7nzB8ljGrjed/O0vLK 6tp6aaO8ubW9s+vu7be0TBUmTSyZVJ0IacKo IE1DDSOdRBHEI0ba0eh6Wm8/EqWpFHdmnJCAo 4GgMcXIWCt0D6+qD2FG7ydnPcnJAOV8GroVr +blgovgF1ABhRqh+9XrS5xyIgxmSOuu7yUmy JAyFDMyKfdSTRKER2hAuhYF4kQHWX7+BJ5Ypw 9jqewTBubu74kMca3HPLKdHJmhnq9Nzf9q3d TEl0FGRZIaIvBsUZwyaCScZgH7VBFs2NgCwo raWyEeIoWwsYmVbQj+/JcXoXVe872af+tV6l4 RRwkcgWNQBT64AHVwAxqgCTDIwDN4BW/Ok/P ivDsfs9Ylp5g5AH/kfP4A0I2VUA==</latex it>
 ij
<latexit sha1_base64="HWwZcoAUomWrT4n dENR6edkZpH4=">AAAB8HicbVA9SwNBEJ3zM8avGEubxSBYhTsbLQM2lhHMhyQh7G32kjW7e 8funBCOtP4BGwtF0/pz7Pw3bj4KTXww8Hhvhpl5YSKFRd//9tbWNza3tnM7+d29/YPDwlGxbu PUMF5jsYxNM6SWS6F5DQVK3kwMpyqUvBEOr6d+45EbK2J9h6OEdxTtaxEJRtFJ9+1kILqZeBh 3CyW/7M9AVkmwIKVKcfL0AQDVbuGr3YtZqrhGJqm1rcBPsJNRg4JJPs63U8sTyoa0z1uOaqq 47WSzg8fkzCk9EsXGlUYyU39PZFRZO1Kh61QUB3bZm4r/ea0Uo6tOJnSSItdsvihKJcGYTL8n PWE4QzlyhDIj3K2EDaihDF1GeRdCsPzyKqlflAO/HNy6NHyYIwcncArnEMAlVOAGqlADBgqe4 RXePOO9eO/eZN665i1mjuEPvM8f7laSng==</latexit><latexit sha1_base64="KWtpXyX/8eZET5K 58bPLaryNGYo=">AAAB8HicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjmA9JjrC32UvW7 O4du3vCcaS1srNJoUhaf46d/8bNR6GJDwYe780wMy+IOdPGdb+d3Nr6xuZWfruws7u3f1A8LD V0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3U7/5RJVmkbw3aUx9gfuShYxgY6WHTjxg3Yw 9jrrFsltxZ0CrxFuQcrU0eR5fHr/UusWvTi8iiaDSEI61bntubPwMK8MIp6NCJ9E0xmSI+7R tqcSCaj+bHTxCZ1bpoTBStqRBM/X3RIaF1qkIbKfAZqCXvan4n9dOTHjtZ0zGiaGSzBeFCUcm QtPvUY8pSgxPLcFEMXsrIgOsMDE2o4INwVt+eZU0LiqeW/HubBouzJGHEziFc/DgCqpwCzWoA wEBr/AG745yxs6HM5m35pzFzBH8gfP5AwFBk2w=</latexit><latexit sha1_base64="KWtpXyX/8eZET5K 58bPLaryNGYo=">AAAB8HicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjmA9JjrC32UvW7 O4du3vCcaS1srNJoUhaf46d/8bNR6GJDwYe780wMy+IOdPGdb+d3Nr6xuZWfruws7u3f1A8LD V0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3U7/5RJVmkbw3aUx9gfuShYxgY6WHTjxg3Yw 9jrrFsltxZ0CrxFuQcrU0eR5fHr/UusWvTi8iiaDSEI61bntubPwMK8MIp6NCJ9E0xmSI+7R tqcSCaj+bHTxCZ1bpoTBStqRBM/X3RIaF1qkIbKfAZqCXvan4n9dOTHjtZ0zGiaGSzBeFCUcm QtPvUY8pSgxPLcFEMXsrIgOsMDE2o4INwVt+eZU0LiqeW/HubBouzJGHEziFc/DgCqpwCzWoA wEBr/AG745yxs6HM5m35pzFzBH8gfP5AwFBk2w=</latexit><latexit sha1_base64="4wbwGg+4dnKPsNS Vil1ZKiKqNqM=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8lawXPRa8eKxgP6RdSjbNtrFJd kmyQln6K7x4UMSrP8eb/8a03YO2Phh4vDfDzLwolcI6Qr7R2vrG5tZ2aae8u7d/cFg5Om7ZJD OMN1kiE9OJqOVSaN50wkneSQ2nKpK8HY1vZn77iRsrEn3vJikPFR1qEQtGnZceeulI9HPxOO1 XqqRG5sCrJChIFQo0+pWv3iBhmeLaMUmt7QYkdWFOjRNM8mm5l1meUjamQ971VFPFbZjPD57 ic68McJwYX9rhufp7IqfK2omKfKeibmSXvZn4n9fNXHwd5kKnmeOaLRbFmcQuwbPv8UAYzpyc eEKZEf5WzEbUUOZ8RmUfQrD88ippXdYCUgvuSLVOijhKcApncAEBXEEdbqEBTWCg4Ble4Q0Z9 ILe0ceidQ0VMyfwB+jzBxmikIU=</latexit>
!ij
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Figure 5: Depiction of the circular contact region Qi j of contact radius ai j under the action of a distributed contact pressure, with B(qi j, ωi j) being an elemental
region on which the pressure distribution is considered.
This approximation largely deviates from the exact solution for moderate to high mesoscopic deformations. However, the error
can be controlled by including more terms in the series to further correct the profile curvature; for example, the first four terms
are given by
Ri −
√
R2i − r2i j = Ri
 r2i j2R2i +
r4i j
8R4i
+
r6i j
16R6i
+ O
a8i jR8i
 ' r2i j2Ri + r
4
i j
8R3i
+
r6i j
16R5i
+
5r8i j
128R7i
(20)
Therefore, by adopting a four-term curvature correction, eq. 16 simplifies to
wi(ri j) + w j(ri j) = (γi j + γNLi j ) −
r2i jAi j
2
−
r4i jBi j
8
−
r6i jCi j
16
−
5r8i jDi j
128
(21)
where
Ai j =
1
Ri
+
1
R j
Bi j =
1
R3i
+
1
R3j
Ci j =
1
R5i
+
1
R5j
Di j =
1
R7i
+
1
R7j
Next, we determine the pressure distribution pi j over the circular contact region Qi j of contact radius ai j in the reference
configuration, depicted in Figure 5, which is compatible with eq. 21. Specifically, for a pressure pi j(qi j, ωi j) acting over an
elemental region B of area qi j dqi j dωi j, the vertical displacement field according to the theory of elasticity (Johnson, 1987, pg.
53) is given by
wi(ri j) + w j(ri j) =
1 − ν2ipiEi + 1 − ν
2
j
piE j
 ∫ ∫Qi j pi j(qi j, ωi j)dqi jdωi j (22)
and thus, using eq. 22 in 21, we get1 − ν2ipiEi + 1 − ν
2
j
piE j
 ∫ ∫Qi j pi j(qi j, ωi j)dqi jdωi j = (γi j + γNLi j ) −
r2i jAi j
2
−
r4i jBi j
8
−
r6i jCi j
16
−
5r8i jDi j
128
(23)
The pressure distribution pi j is readily available by following the method reported by Luo (1958), which involves taking
an approximate form of pi j to solve the integral, followed by comparing coefficients of like powers of ri j on both sides of the
equation. For reference, the solution method is described in Appendix B. Using the pressure distribution functions, contact
radius-force-displacement relationships for two-term, three-term and four-term curvature corrections are derived in the follow-
ing sub-sections.
94.1. Two-term curvature correction
Pressure distribution (Appendix B.1, eq. B.20):
pi j(ri j) =
2ai j
pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 1 − r2i ja2i j
1/2 Ai j + 2a2i jBi j9
1 + 2 r2i ja2i j
 (24)
Contact radius-displacement relationship: according to (Appendix B.1, eq. B.19)
a4i j
(Bi j
3
)
+ a2i jAi j − (γi j + γNLi j ) = 0 (25)
which yields only one real and positive solution given by
ai j =
 32Bi j

√
4Bi j
3
(γi j + γNLi j ) + A
2
i j − Ai j
1/2 (26)
Contact force-radius-displacement relationship:
Pi j =
∫ ai j
0
pi j(ri j)2piri jdri j =
4E∗i j
3
ai j(γi j + γNLi j )
3
Ai j + 2ai j(γi j + γNLi j )2Bi j5
 (27)
where
1
E∗i j
=
1 − ν2i
Ei
+
1 − ν2j
E j
and ai j(γi j + γNLi j ) is given by eq. 26.
4.2. Three-term curvature correction
Pressure distribution(Appendix B.2, eq. B.30):
pi j(ri j) =
2ai j
pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 1 − r2i ja2i j
1/2 Ai j + 2a2i jBi j9
1 + 2 r2i ja2i j
 + a4i jCi j25
3 + 4 r2i ja2i j + 8
r4i j
a4i j
 (28)
Contact radius-displacement relationship: according to (Appendix B.2, eq. B.29)
γi j + γ
NL
i j = a
2
i jAi j +
a4i j
3
Bi j +
a6i j
5
Ci j (29)
which yields only one real and positive solution given by
ai j =

[
(Q2i j + 4R
3
i j)
1/2 +Qi j
]1/3
9(2)1/3Ci j
− (2)
1/3Ri j
9Ci j
[
(Q2i j + 4R
3
i j)
1/2 +Qi j
]1/3 − 5Bi j9Ci j

1/2
(30)
where
Qi j = 2025Ai jBi jCi j − 250B3i j + 3645C2i j(γi j + γNLi j )
Ri j = 135Ai jCi j − 25B2i j
Contact force-radius-displacement relationship:
Pi j =
4E∗i j
3
ai j(γi j + γNLi j )
3
Ai j + 2ai j(γi j + γNLi j )2Bi j5 + 9ai j(γi j + γ
NL
i j )
4Ci j
35
 (31)
where ai j(γi j + γNLi j ) is given by eq. 30.
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4.3. Four-term curvature correction
Pressure distribution (Appendix B.3, eq. B.42):
pi j(ri j) =
2ai j
pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 1 − r2i ja2i j
1/2 Ai j + 2a2i jBi j9
1 + 2 r2i ja2i j
 + a4i jCi j25
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r4i j
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Contact radius-displacement relationship: according to (Appendix B.3, eq. B.41)
γi j + γ
NL
i j = a
2
i jAi j +
a4i j
3
Bi j +
a6i j
5
Ci j +
a8i j
7
Di j (33)
which yields only one real and positive solution given by
ai j =
12
√
147C2i j
100D2i j
− 14Bi j
3Di j
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4
√
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where
Si j =
7(2)1/3S(1)i j
9Di j
[
S(2)i j +
√
S(2)i j
2 − 171500S(1)i j
3
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[
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√
S(2)i j
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3
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45(2)1/3Di j
+
49C2i j
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S(1)i j = 35B
2
i j − 189Ai jCi j − 540Di j(γi j + γNLi j )
S(2)i j = 4465125A
2
i jDi j − 694575Ai jBi jCi j + 85750B3i j + (3969000Bi jDi j − 1250235C2i j)(γi j + γNLi j )
Contact force-radius-displacement relationship:
Pi j =
4E∗i j
3
ai j(γi j + γNLi j )
3
Ai j + 2ai j(γi j + γNLi j )2Bi j5 + 9ai j(γi j + γ
NL
i j )
4Ci j
35
+
4ai j(γi j + γNLi j )
6Di j
21
 (35)
where ai j(γi j + γNLi j ) is given by eq. 34.
5. Validation of contact radius and curvature corrections
Validation of contact radius and curvature corrections to the nonlocal contact formulation was performed by considering four
types of loading configurations (Figure 6), three of which are symmetric configurations that simulate the compaction of particles
in a simple cubic lattice, namely simple compression (sphere pressed between two rigid plates, figure 6a), die compaction
(sphere compressed between rigid plates and constrained laterally by rigid walls, figure 6b) and hydrostatic compaction (sphere
compressed triaxially by rigid plates, figure 6c). The fourth configuration is asymmetric, consisting of two additional walls
perpendicular to the y-z plane between the plates and lateral walls of a die compaction configuration (Figure 6d). Analytical
predictions for all the configurations were compared with detailed finite element simulations, analytical results obtained from the
original nonlocal contact formulation (Gonzalez & Cuitin˜o, 2012), and the classical Hertz predictions. For simple compression,
predictions were also compared with experimental measurements (Tatara, 1989; Tatara et al., 1991).
The finite element simulations were performed in ABAQUS on one-eighth of a sphere, owing to geometric and loading
symmetries. Finite deformations were considered and the material was characterized as compressible neo-Hookean with an
energy density of the form
W(λ1, λ2, λ3) =
µ
2
[
J−2/3(λ21 + λ
2
2 + λ
2
3) − 3
]
+
λ
2
(J − 1)2 (36)
where λ1, λ2 and λ3 are the principle material stretches, J = det(F) = λ1λ2λ3 and µ and λ are the Lame´ constants. In ABAQUS,
C10 = µ/2 and D1 = 2/λ are the input paramters. The elastic constants used in the simulations correspond to the values of
E = 1.85 MPa and ν = 0.48 reported for rubber (Tatara, 1989; Tatara et al., 1991). Following a mesh convergence study, the
mesh comprising of 500,000 elements of type C3D8R (8-node linear hexahedral) and 515,201 nodes was chosen. For illustration
purposes, a course mesh of 108,000 elements is depicted in Figure 7.
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(d)
Figure 6: Schematic of the loading configurations considered for validation of contact radius and curvature corrections to the nonlocal contact formulation. (a).
Simple Compression, (b). Die Compression, (c). Hydrostatic Compaction and (d). Die compression with two additional walls at an angle of 37.5◦ from lateral
walls in the y-direction. For each load case, views in x-z and y-z plane are provided for clarity.
(a)
(b)
Figure 7: Finite-element mesh of one-eighth of a sphere created in ABAQUS. The depicted mesh is coarser than the final converged mesh, and consists of
108,000 hexahedral elements and 113,521 nodes. (a). Initial undeformed mesh. (b). Deformed mesh for the fourth loading configuration of die compression
with two additional oblique walls.
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Figure 8: Impingement of two contacts of radii a′1 and a
′
2 at distances
(
R − γ12
)
and
(
R − γ22
)
respectively from the center of a particle of radius R, separated by
an angular distance θ12.
One of the most important factors to be considered while comparing analytical predictions with numerical simulations, other
than the evolution of contact force and contact radius, is the occurrence of contact impingement. This is a phenomenon that
causes the contacts to no longer remain circular and, thereby, restricts the applicability of the nonlocal contact formulation.
Figure 8 provides a geometrical description of the impingement of two contacts in a spherical particle under a general loading
configuration. From the figure, the angular distance θ12 between the two contacts at the inception of impingement is given by
θ12 = tan−1
(
a′1
R − (γ1/2)
)
+ tan−1
(
a′2
R − (γ2/2)
)
(37)
Figures 9-12 present the validation results in form of load-versus-deformation (F/piR2 versus γ/2R) and contact radius-
versus-deformation (a′/R versus γ/2R) plots. The figures also show the values of deformation at which contact impingement
occurs for each finite-element simulation (except simple compression where impingement does not occur)—this information is
extracted by using the contact radius and displacement values obtained from the simulations in eq. 37. It is interesting to note
that for all loading configurations except simple compression, the analytical predictions show an apparent strain-hardening or
stiffening at various deformation levels. This is an artifact of the formulation, which possibly results from various modeling
assumptions made for evaluation of γNL (Gonzalez & Cuitin˜o, 2012), that limits the range of applicability of the nonlocal contact
formulation. Such limited range of applicability exists for simple compression as well, albeit at deformations greater than 80%
that are beyond the scope of this study.
Analysis of the plots suggests that the proposed contact radius and curvature corrections increase the range of applicabil-
ity of the nonlocal contact formulation, thereby enabling predictions at higher levels of deformation. Further improvement is
observed with increase in the order of curvature correction until convergence, which is achieved with a four-term correction.
Quantitatively, the range of applicability of the formulation is increased by roughly 5% for die compaction, 2% for hydro-
static compaction and 6% for die compaction with oblique walls. Additionally, the corrections enable predictions closer to the
geometric contact impingement, marked by dotted straight lines in the graphs. This is well represented in the graphs for die
compaction, where predictions continue right until the impingement of vertical and lateral contacts, and for die compaction with
additional walls, where predictions continue until the impingement of vertical and lateral contacts in the x-direction. Interest-
ingly, analytical predictions for the fourth configuration are remarkably accurate even after the impingement of vertical, oblique
and lateral (y-direction) contacts (grey dotted line), indicating that predictions of the extended nonlocal contact formulation are
accurate until impingement of all particle contacts. As for the case of simple compression, an overall improvement in the repre-
sentation of experimental measurements for both contact force and radius is observed, which again converges at the four-term
curvature correction.
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Figure 9: Load - deformation (a) and contact radius - deformation (b) curves for simple compression of a rubber sphere. Hertz theory predictions (black-dashed
curves), nonlocal contact formulation results without contact radius and curvature corrections (black curves), with contact radius and two- (red curves), three-
(green curves) and four- (blue curves) term corrections, finite element solution (grey curves), and experimental measurements (Tatara, 1989; Tatara et al., 1991)
(five-pointed stars and triangles) are presented. The convergence of predictions at a four-term correction is shown in the inserts.
(a) (b)
Figure 10: Load - deformation (a) and contact radius - deformation (b) curves for die compression of a rubber sphere. Predictions for vertical loaded contacts
are given by solid curves while predictions for lateral constrained contacts are given by dashed-dotted curves. Hertz theory predictions (black-dashed curves),
nonlocal contact formulation results without contact radius and curvature corrections (black curves), with contact radius and two- (red curves), three- (green
curves) and four- (blue curves) term corrections, and finite element solution (grey curves) are presented. The deformation at geometrical contact impingement
of vertical and lateral contacts is marked by a grey dotted line. The convergence of predictions at a four-term correction is shown in the inserts.
6. Summary and discussion
We have developed the analytical framework for contact radius correction to the nonlocal contact formulation, which ac-
counts for local and nonlocal contributions to the radial deformation of contact boundaries due to multiple contact forces acting
on a single particle. Furthermore, we have provided a method of curvature correction to relax the traditional assumption of
one-term Taylor series representation of undeformed contacting surfaces. For definiteness, we have restricted attention to elas-
tic spheres in the absence of gravitational forces, adhesion or friction. Hence, a notable feature of the contact formulation
presented here is that, when no contact radius and curvature corrections are accounted for, it reduces to the nonlocal contact for-
mulation presented by Gonzalez & Cuitin˜o (2012) and thus, when all nonlocal effects and corrections are neglected, it reduces
to Hertz theory. Another salient feature of the proposed formulation is that it increases the range of applicability of the nonlocal
contact formulation (Gonzalez & Cuitin˜o, 2012); consequently, it enables accurate predictions of contact behavior until contact
impingement for confined loading configurations. Specifically, we have investigated four different loading conditions (namely
simple compression, die compression within four walls and within six walls, and hydrostatic compaction) and have successfully
compared the predictions of the proposed nonlocal formulation with experimental and detailed finite-element simulation results
of rubber particles.
We close by pointing out future research directions and possible approaches for extension of the formulation.
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(a) (b)
Figure 11: Load - deformation (a) and contact radius - deformation (b) curves for hydrostatic compression of a rubber sphere. Hertz theory predictions (black-
dashed curves), nonlocal contact formulation results without contact radius and curvature corrections (black curves), with contact radius and two- (red curves),
three- (green curves) and four- (blue curves) term corrections, and finite element solution (grey curves)) are presented. The deformation at geometrical contact
impingement of contacts is marked by a grey dotted line. The convergence of predictions at a four-term correction is shown in the inserts.
(a) (b)
Figure 12: Load - deformation (a) and contact radius - deformation (b) curves for a rubber sphere under an asymmetric loading configuration of die compression
with oblique walls. Predictions are represented by solid curves for vertical loaded contacts, dashed-dotted curves for lateral constrained contacts in x-direction,
dashed curves for lateral constrained contacts in y-direction, and dotted curves for oblique contacts. Hertz theory predictions (bold black-dashed curves),
nonlocal contact formulation results without contact radius and curvature corrections (black curves), with contact radius and two- (red curves), three- (green
curves) and four- (blue curves) term corrections, and finite element solution (grey curves) are presented. The deformation at geometrical contact impingement
of vertical, oblique and lateral (y-direction) contacts is marked by a grey dotted line, and that of vertical contacts and lateral contacts in x-direction by a black
dotted line. The convergence of predictions at a four-term correction is shown in the inserts.
First, the work presented in this paper together with the nonlocal contact formulation by Gonzalez & Cuitin˜o (2012) serve
as the foundation for conceiving an analytical elasto-plastic nonlocal contact formulation. Like elastic particles, the assump-
tion of independent contacts is not valid for particles deforming predominantly plastically in the range of moderate to high
mesoscopic deformations (Mesarovic & Fleck, 2000). Recenty, finite element simulations of linear elastic-perfectly plastic
particles (Tsigginos, Strong & Zavaliangos, 2015) have shown contact interactions at moderate deformations physically mani-
festing as coalescence of local plastically deforming zones around individual contacts, with further deformation leading to the
development of a low-compressibility regime when the contact deformations become predominantly elastic. The systematic
investigation of these interaction effects is a worthwhile direction of future research.
Second, although the work presented in this paper is a contribution to predictive modeling of confined granular systems, con-
siderable effort is required for modeling of contact behavior beyond contact impingement. Finite element simulations presented
in this paper show an almost linear increase in contact force with deformation after impingement of all contacts, indicating
a linear force-displacement relationship in this deformation regime. However, rigorous analysis of this linear correlation is
desirable, if beyond the scope of this paper.
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Appendix A. Determination of radial displacement of a contact boundary point due to a single force
Figure A.13 depicts a three dimensional view of a linear-elastic spherical particle under the action of a concentrated force
Pi applied at the origin A of cylindrical coordinates (z, r). We consider the deformation of a spherical cap of base radius a and
center C, situated at an angular distance θi from the force Pi, due to an ellipsoidally distributed pressure given by eq. 1 in section
2. The pressure distribution is approximated by an effective force P applied at C. A point Q on the cap boundary is situated at
angle φ from the plane defined by points A, O and C. Using vector algebra, the angle AOQ, denoted by βQ, can be expressed as
βQ = cos−1
[
cos
∣∣∣∣∣θi − sin−1 ( aR
)∣∣∣∣∣ − ( aR
)
(1 − cos φ) sin θi
]
(A.1)
The above equation implies that the angular distance between a contact force and any point on the cap boundary can be repre-
sented in terms of a constant reference angle θi and a variable angle φ. The dependency on angle φ vanishes for the two extreme
values of θi, i.e. 0 and pi. For θi = 0, which corresponds to the case when Pi = P, eq. A.1 reduces to
βQ
∣∣∣
θi=0
= sin−1
( a
R
)
(A.2)
the above result restates the geometrical fact that the contact force P is equidistant from any point on the cap boundary, the
angular distance being sin−1(a/R). A similar result is obtained for θi = pi, which makes the force Pi equidistant from any point
on the cap boundary. The angular distance in this case becomes
βQ
∣∣∣
θi=pi
= pi − sin−1
( a
R
)
(A.3)
At point Q with coordinates (z, r) :
(
2R sin2(βQ/2),R sin βQ
)
, displacements due to force Pi along the (z, r) axes, denoted by
(Wi,Q,Ui,Q), are given by the Boussinesq solution (Johnson, 1987; Timoshenko & Goodier, 1970) and can be expressed in terms
of angle βQ as
Wi,Q(βQ) =
(1 + ν)Pi
2piER
[
sin(βQ/2)
2
+
1 − ν
sin(βQ/2)
]
(A.4)
Ui,Q(βQ) =
(1 + ν)Pi
4piER
[
cos(βQ/2) − (1 − 2ν) cos(βQ/2)sin(βQ/2) (1 + sin(βQ/2))
]
(A.5)
Similarly, for the cap center C with coordinates (z, r) :
(
2R sin2(θi/2),R sin θi
)
, displacements due to force Pi along the (z, r)
axes, denoted by (Wi,C ,Ui,C), can be expressed in terms of angle θi as
Wi,C(θi) =
(1 + ν)Pi
2piER
[
sin(θi/2)
2
+
1 − ν
sin(θi/2)
]
(A.6)
Ui,C(θi) =
(1 + ν)Pi
4piER
[
cos(θi/2) − (1 − 2ν) cos(θi/2)sin(θi/2) (1 + sin(θi/2))
]
(A.7)
The displacement of point Q due to force Pi in the radial direction with respect to center C, denoted by ui,Q, can be expressed
as
ui,Q =
[
(Wi,Q −Wi,C)eˆz + (Ui,Q − Ui,C)eˆr] · tˆ (A.8)
where tˆ is a unit vector in the radial direction at Q, as shown in figure A.13. Using vector algebra, it can be proved that the
vector tˆ can be expressed in terms of (x, y, z) coordinates as
tˆ = − cos θi cos φ eˆx − sin φ eˆy − sin θi cos φ eˆz (A.9)
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Figure A.13: A linear-elastic sphere of radius R under the action of an ellipsodially distributed pressure, approximated by an effective force P on a spherical
cap of radius a and center C, with concentrated force Pi acting normally on one of its surface points.
which implies that tˆ in terms of (z, r) coordinates becomes
tˆ = − sin θi cos φeˆz +
(√
1 − sin2 θi cos2 φ
)
eˆr (A.10)
Substituting tˆ from eq. A.10 into eq. A.8, we get
ui,Q = −(Wi,Q −Wi,C) sin θi cos φ + (Ui,Q − Ui,C)
√
1 − sin2 θi cos2 φ (A.11)
Eq. A.11 provides a general definition of the radial displacement of a contact boundary point on an elastic spherical particle
due to a concentrated force acting on the surface of the particle. After substituting the values of Wi,Q, Ui,Q, Wi,C and Ui,C from
eqs. A.4, A.5, A.6 and A.7 respectively into eq. A.11, the resulting final expression for ui,Q in terms of angles θi and φ is given
by
ui,Q =
(1 + ν)Pi
2piER
[
sin θi cos φ
(
sin(θi/2) − sin(βQ(θi, φ)/2)) (sin(θi/2) sin(βQ(θi, φ)/2) − 2 + 2ν)
2 sin(θi/2) sin(βQ(θi, φ)/2)
+
√
1 − sin2 θi cos2 φ
[
1
2
(
cos(βQ(θi, φ)/2) − cos(θi/2))
−(1 − 2ν)
(
1 − sin(βQ(θi, φ)/2)
sin βQ(θi, φ)
− cos(θi/2)
2 sin(θi/2)(1 + sin(θi/2))
)] 
(A.12)
The above expression can be further reduced to the following form
ui,Q =
Pi
ηi,Q
(A.13)
where,
1
ηi,Q
=
1 + ν
2piER
[
sin θi cos φ
(
sin(θi/2) − sin(βQ(θi, φ)/2)) (sin(θi/2) sin(βQ(θi, φ)/2) − 2 + 2ν)
2 sin(θi/2) sin(βQ(θi, φ)/2)
+
√
1 − sin2 θi cos2 φ
[
1
2
(
cos(βQ(θi, φ)/2) − cos(θi/2))
−(1 − 2ν)
(
1 − sin(βQ(θi, φ)/2)
sin βQ(θi, φ)
− cos(θi/2)
2 sin(θi/2)(1 + sin(θi/2))
)] 
(A.14)
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Appendix B. Calculation of pressure distribution on the contact surface of an elastic sphere
Considering the contact configuration presented in Figure 2 in Section 3, the contact area is circular and depicted in Figure 5
in Section 4. Based on the analysis of Luo (1958) and Cattaneo (1947), the following approximate form of pressure distribution
can be assumed at a radial distance ri j.
pi j(ri j) =
N∑
n=1
ρn
1 − r2i ja2i j

2n−1
2
(B.1)
where N corresponds to the number of Taylor series terms considered in the profile function, and ρn are N unknown function
parameters. For an internal point A in the contact region at a radial distance ri j from the contact center, we can write the
following using cosine rule
s2i j = r
2
i j + q
2
i j + 2ri jqi j cosωi j (B.2)
Using eqs. B.1 and B.2, the pressure distribution at elemental region B(qi j, ωi j) can be written as
pi j(qi j, ωi j) =
N∑
n=1
ρn
a2n−1i j
(a2i j − r2i j − 2ri jqi j cosωi j − q2i j)
2n−1
2 (B.3)
Let ζi j =
√
a2i j − r2i j and δi j = ri j cosωi j. Then eq. B.2 reduces to
pi j(qi j, ωi j) =
N∑
n=1
ρn
a2n−1i j
(ζ2i j − 2δi jqi j − q2i j)
2n−1
2 (B.4)
Substituting the expression for pi j(qi j, ωi j) given by eq. B.4 in eq. 22 (Section 4), the displacement field inside the circular
region now becomes
wi(ri j) + w j(ri j) = u¯izi j (ri j) + u¯ jzi j (ri j)
=
1 − ν2ipiEi + 1 − ν
2
j
piE j
 ∫ 2pi
0
dωi j
∫ q1
0
 N∑
n=1
ρn
a2n−1i j
(ζ2i j − 2δi jqi j − q2i j)
2n−1
2
 dqi j (B.5)
where q1 is the positive root of the equation (Johnson, 1987, pg. 60)
q2i j + 2δi jqi j − ζ2i j = 0 (B.6)
given by
q1 = −δi j +
√
ζ2i j + δ
2
i j (B.7)
We now consider three cases depending upon the number of Taylor series terms (N) taken in the profile function. The three
cases correspond to N = 2, 3 and 4. We shall calculate the pressure distribution for each of these cases.
We first calculate the displacement field for N = 4 and then modify the function accordingly for different cases. First, the
internal integrals with respect to dqi j for n = 1, 2, 3 and 4 are obtained and given by∫ q1
0
(ζ2i j − 2δi jqi j − q2i j)1/2dqi j = −
1
2
ζi jδi j +
1
2
(ζ2i j + δ
2
i j)
{
pi
2
− tan−1
(
δi j
ζi j
)}
(B.8)
∫ q1
0
(ζ2i j − 2δi jqi j − q2i j)3/2dqi j = −
1
8
ζi jδi j(5ζ2i j + 3δ
2
i j) +
3
8
(ζ2i j + δ
2
i j)
2
{
pi
2
− tan−1
(
δi j
ζi j
)}
(B.9)
∫ q1
0
(ζ2i j − 2δi jqi j − q2i j)5/2dqi j = −
1
48
ζi jδi j(33ζ4i j + 40ζ
2
i jδ
2
i j + 15δ
4
i j) +
5
16
(ζ2i j + δ
2
i j)
3
{
pi
2
− tan−1
(
δi j
ζi j
)}
(B.10)
∫ q1
0
(ζ2i j − 2δi jqi j − q2i j)7/2dqi j = −
1
384
ζi jδi j(279ζ6i j + 511ζ
4
i jδ
2
i j + 385ζ
2
i jδ
4
i j + 105δ
6
i j)
+
35
128
(ζ2i j + δ
2
i j)
4
{
pi
2
− tan−1
(
δi j
ζi j
)} (B.11)
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When the resulting expression from combination of eqs. B.8, B.9, B.10 and B.11 is substituted in eq. B.5, and integrated with
respect to ωi j from 0 to 2pi, the terms containing ζi jδi j and tan−1(δi j/ζi j) are eliminated. The final form of Eq. B.5 re-expanded
in terms of ai j and ri j is given by
wi(ri j) + w j(ri j) = u¯izi j (ri j) + u¯ jzi j (ri j)
=
1 − ν2iEi + 1 − ν
2
j
E j
 ( pi4ai j
) [
a2i j
(
2ρ1 +
3
2
ρ2 +
5
4
ρ3 +
35
32
ρ4
)
− r2i j
(
ρ1 +
3
2
ρ2 +
15
8
ρ3
+
35
16
ρ4
)
+ r4i j
 9ρ216a2i j + 45ρ332a2i j + 315ρ4128a2i j
 − r6  25ρ364a4i j + 175ρ4128a4i j
 + r8i j
 1225ρ44096a6i j

(B.12)
We now consider the three cases individually.
Appendix B.1. Case I: Two terms (N=2)
For N = 2, terms with ρ3 and ρ4 are eliminated from eq. B.12. Substituting the modified equation in eq. 23 (Section 4) with
two terms, we have1 − ν2iEi + 1 − ν
2
j
E j
 ( pi4ai j
) a2i j (2ρ1 + 32ρ2
)
− r2i j
(
ρ1 +
3
2
ρ2
)
+ r4i j
 9ρ216a2i j

= (γi j + γNLi j ) −
r2i jAi j
2
−
r4i jBi j
8
(B.13)
In order to satisfy eq. B.13 for all points within the circular contact region, coefficients of like powers of ri j on both sides must
be equal. Hence,
−
1 − ν2iEi + 1 − ν
2
j
E j
 9piρ28a3i j
 = Bi j (B.14)
1 − ν2iEi + 1 − ν
2
j
E j
 ( pi2ai j
) (
ρ1 +
3
2
ρ2
)
= Ai j (B.15)
1 − ν2iEi + 1 − ν
2
j
E j
 (piai j4
) (
2ρ1 +
3
2
ρ2
)
= γi j + γ
NL
i j (B.16)
Solving eqs. B.14 and B.15 for ρ1 and ρ2, we get
ρ1 =
2ai j(3Ai j + 2a2i jBi j)
3pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.17)
ρ2 = −
8a3i jBi j
9pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.18)
Substituting the expressions for ρ1 and ρ2 obtained above into eq. B.16, we get an expression for displacement γi j in terms of
contact radius ai j
γi j + γ
NL
i j = a
2
i jAi j +
a4i j
3
Bi j (B.19)
Also, by substituting the expressions for ρ1 and ρ2 in eq. B.1 and rearranging, we obtain a pressure distribution of the form
pi j(ri j) =
2ai j
pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 1 − r2i ja2i j
1/2 Ai j + 2a2i jBi j9
1 + 2 r2i ja2i j
 (B.20)
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Appendix B.2. Case II: Three terms (N=3)
For N = 3, terms with ρ4 are eliminated. Substituting the modified eq. B.12 in eq. 23 with three terms, we have1 − ν2iEi + 1 − ν
2
j
E j
 ( pi4ai j
) a2i j (2ρ1 + 32ρ2 + 54ρ3
)
− r2i j
(
ρ1 +
3
2
ρ2 +
15
8
ρ3
)
+ r4i j
 9ρ216a2i j + 45ρ332a2i j
 − r6i j
 25ρ364a4i j

= (γi j + γNLi j ) −
r2i jAi j
2
−
r4i jBi j
8
−
r6i jCi j
16
(B.21)
Since the coefficients of like powers of ri j on both sides of eq. B.21 must be equal, we get1 − ν2iEi + 1 − ν
2
j
E j
 25piρ316a5i j
 = Ci j (B.22)
−
1 − ν2iEi + 1 − ν
2
j
E j
  9pi8a3i j
 (ρ2 + 5ρ32
)
= Bi j (B.23)
1 − ν2iEi + 1 − ν
2
j
E j
 ( pi2ai j
) (
ρ1 +
3
2
ρ2 +
15
8
ρ3
)
= Ai j (B.24)
1 − ν2iEi + 1 − ν
2
j
E j
 (piai j4
) (
2ρ1 +
3
2
ρ2 +
5
4
ρ3
)
= γi j + γ
NL
i j (B.25)
solving eqs. B.22, B.23 and B.24 for ρ1, ρ2 and ρ3, we get
ρ1 =
2ai j(15Ai j + 10a2i jBi j + 9a
4
i jCi j)
15pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.26)
ρ2 = −
8a3i j(5Bi j + 9a
2
i jCi j)
45pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.27)
ρ3 =
16a5i jCi j
25pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.28)
By substituting the expressions for ρ1, ρ2 and ρ3 obtained above into eq. B.25, we get
γi j + γ
NL
i j = a
2
i jAi j +
a4i j
3
Bi j +
a6i j
5
Ci j (B.29)
And by substituting the expressions for ρ1, ρ2 and ρ3 into eq. B.1 and rearranging, we obtain a pressure distribution of the form
pi j(ri j) =
2ai j
pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 1 − r2i ja2i j
1/2 Ai j + 2a2i jBi j9
1 + 2 r2i ja2i j
 + a4i jCi j25
3 + 4 r2i ja2i j + 8
r4i j
a4i j
 (B.30)
Appendix B.3. Case III: Four terms (N=4)
For N = 4, we substitute eq. B.12 into eq. 23 to get1 − ν2iEi + 1 − ν
2
j
E j
 ( pi4ai j
) [
a2i j
(
2ρ1 +
3
2
ρ2 +
5
4
ρ3 +
35
32
ρ4
)
− r2i j
(
ρ1 +
3
2
ρ2 +
15
8
ρ3 +
35
16
ρ4
)
+r4i j
 9ρ216a2i j + 45ρ332a2i j + 315ρ4128a2i j
 − r6i j
 25ρ364a4i j + 175ρ4128a4i j
 + r8i j
 1225ρ44096a6i j

= (γi j + γNLi j ) −
r2i jAi j
2
−
r4i jBi j
8
−
r6i jCi j
16
−
5r8i jDi j
128
(B.31)
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Since the coefficients of like powers of ri j on both sides of eq. B.31 must be equal, we get
−
1 − ν2iEi + 1 − ν
2
j
E j
 245piρ4128a7i j
 = Di j (B.32)
1 − ν2iEi + 1 − ν
2
j
E j
  pi16a5i j
 (25ρ3 + 1752 ρ4
)
= Ci j (B.33)
−
1 − ν2iEi + 1 − ν
2
j
E j
  9pi8a3i j
 (ρ2 + 5ρ32 + 358 ρ4
)
= Bi j (B.34)
1 − ν2iEi + 1 − ν
2
j
E j
 ( pi2ai j
) (
ρ1 +
3
2
ρ2 +
15
8
ρ3 +
35
16
ρ4
)
= Ai j (B.35)
1 − ν2iEi + 1 − ν
2
j
E j
 (piai j4
) (
2ρ1 +
3
2
ρ2 +
5
4
ρ3 +
35
32
ρ4
)
= γi j + γ
NL
i j (B.36)
Solving eqs. B.32, B.33, B.34 and B.35 for ρ1, ρ2, ρ3 and ρ4, we get
ρ1 =
2ai j(105Ai j + 70a2i jBi j + 63a
4
i jCi j + 60a
6
i jDi j)
105pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.37)
ρ2 = −
8a3i j(35Bi j + 63a
2
i jCi j + 90a
4
i jDi j)
315pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.38)
ρ3 =
16a5i j(7Ci j + 20a
2
i jDi j)
175pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.39)
ρ4 = −
128a7i jDi j
245pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 (B.40)
By substituting the expressions for ρ1, ρ2, ρ3 and ρ4 obtained above into eq. B.36, we get
γi j + γ
NL
i j = a
2
i jAi j +
a4i j
3
Bi j +
a6i j
5
Ci j +
a8i j
7
Di j (B.41)
And by substituting the expressions for ρ1, ρ2, ρ3 and ρ4 into eq. B.1 and rearranging, we obtain a pressure distribution of the
form
pi j(ri j) =
2ai j
pi
1 − ν2iEi + 1 − ν
2
j
E j
−1 1 − r2i ja2i j
1/2 Ai j + 2a2i jBi j9
1 + 2 r2i ja2i j
 + a4i jCi j25
3 + 4 r2i ja2i j + 8
r4i j
a4i j

+
4a6i jDi j
245
5 + 6 r2i ja2i j + 8
r4i j
a4i j
+ 16
r6i j
a6i j

(B.42)
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